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AbstractAbstractAbstractAbstract    
Groundwater is among the Nation’s most important natural resources. It provides drinking water to urban and rural communities, supports 
irrigation and industry, sustains the flow of streams and rivers, and maintains riparian and wetland ecosystems. In many areas of the 
Nation, the future sustainability of groundwater resources is at risk from overuse and contamination. Groundwater extraction not only 
regulates the shape of the ground surface and but also has a significant influence on human life. However, the occurrence of estimating 
the settlement of ground surface is still not well-studied. The objective of this study is to assess relation between groundwater pumping 
and land subsidence in Cai Rang district, Can Tho city. It is carried out by following steps: (1) Collecting geological prospecting data;(2) 
Conducting the method of ground water pumping test; (3) Processing the collected data; (4) Using Riley, Lohman and Poland methods 
in estimating the settlement of ground surface; (5) Using Finite element method to stimulate land subsidence. The result shows that the 
hydro-geological parameters, K is of 18.05 m/h; S is of 0.0083; T is of 299.608 m2/d. The cumulative land subsidence varies in the range 
of from 0 to 0.66 cm. Consequence of the land subsidence does not considerably affect construction work in the area. The analytical 
and interpretive methods described in this study will be useful to scientists involved in studies of ground-water hydraulics and aquifer-
system deformation. 
Keywords:Keywords:Keywords:Keywords: groundwater, land subsidence, pumping test, settlement

1.1.1.1. IntroductionIntroductionIntroductionIntroduction    
The Mekong delta one of the most important economical areas in 
Vietnam, has great annual rainfall and abundant surface water. 
However, the quality and quantity of water sources is not very 
well distributed in terms of time and space. As a result of the sharp 
increase in population and economic activities, both surface and 
groundwater resources in the Mekong delta are exploited at an 
ever-increasing rate. The market economy activities there are big 
requirements of the clean water for domestic and industrial sector 
that have promoted the exploitation of the potential resources, 
mainly groundwater, more than over. In view of its short tradition, 
there is a substantial backlog in the knowledge of groundwater 
extraction and drinking water treatment. There is almost no 
literature or documentation about these items. 

In Can Tho City, flooding is becoming a more frequent and 
serious problem, as it happens as a result of both regular and 
extreme climatic events, such as tropical storms and typhoons. 
This problem can be seen to result mainly from: (1) the rise of sea 
level, and (2) the lowering of the land surface elevation, for which 
the rapid increase of population leads to excessive pumping of 
water from underground reservoirs. This resulted in the water table 
lowering, leading to the subsidence of some areas in the city. In 
response to the flooding challenges, besides climate change 
adaptation, knowledge of ground subsidence, such as the spatial 
extent and temporal evolution, is essential. 

The aim of this research was thus: (1) The study was carried 
out following the method of groundwater pumping test in Can Tho 
city to determine the initial change of groundwater level in the 
observation wells over time, and then determine the basic hydro-
geological parameters. (2) This study highlights the application of 
Riley, Poland and Lohman methods in estimating the settlement 
of ground surface caused by reducing groundwater table.(3) To 
make comments on the impact of decreasing groundwater table 
on the settlement of building constructions. (4) This study is used 
the ground motion prediction by Plaxis 2D software to simulate 
land subsidence. (5) Giving recommendations for monitoring and 
assessment. 
2.2.2.2.    MMMMethodethodethodethodologyologyologyology    
2.1 2.1 2.1 2.1 The method of groundwater (GW) pumping testThe method of groundwater (GW) pumping testThe method of groundwater (GW) pumping testThe method of groundwater (GW) pumping test    
In 1935 C.V. Theis introduced equation (1) with the assistance of 
C.I. Lubin, who developed the equation for a continuous point 
source for the heat conduction problem. Equation (1) is a solution 
of equation (2) for constant discharge that involves the following 
assumptions, stated by Theis (1935): (1) the aquifer is 
homogeneous and isotropic, (2) the water body has infinite areal 
extent (practically its boundaries are beyond the effects of the well 
in the time considered), (3) the discharging well penetrates the 
entire thickness of the aquifer, (4) the well has an infinitesimal 
diameter (of no practical significance for periods of pumping 
longer than a few minutes) and (5) the water removed from storage 
is discharge instantaneously with decline in head. Thus, the 

assumption of a constant coefficient of storage has been added to 
the assumptions of homogeneity, isotropy and complete well 
penetration which characterize the steady state equations that 
have been given so far. The assumption of a constant coefficient 
of storage, which is used in all the transient flow equation that 
have been developed (there are a few exceptions where 
modifications of the assumption are explicitly stated), is ò doubtful 
validity, especially when applied to unconfined water bodies. The 
justification for this assumption is entirely empirical; it has been 
applied with some success for some decades, and deviations from 
it involve generally complex numerical computations.  
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Which is the lower limit of integration in equation (1); the 
value of the series is commonly expressed as W(u) the well 

function of . Values of W(u) for values of  from 1510− to 9.9 are 
tabulated in Wenzel (1942,pp.89), in Ferris, Knowles, Brown, and 
Stallman (1962, pp.96-97). For given values of  and , T may be 
determined from: 
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Figure 1.1Figure 1.1Figure 1.1Figure 1.1.... Logarithmic graph of  W(u) versus u  

(Source: Lohman, 1972). 
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The data curve is superimposed on type curve, and a fit, of 
near fit, is obtained, keeping the coordinate axes of the two curves 
parallel. An arbitrary match point is selected anywhere on the 
overlapping parts of the two sheets, the four values of which (two 
for each sheet) are then used in solving equation (5) and (6). 
2.2 2.2 2.2 2.2 Riley’s methods in estimating the settlement of ground surfaceRiley’s methods in estimating the settlement of ground surfaceRiley’s methods in estimating the settlement of ground surfaceRiley’s methods in estimating the settlement of ground surface 
The application of the time-consolidation theory of soil mechanics 
to explain the theory of aquifer-system compaction has been 
summarized lucidly by Riley (1969), as follows:  

Vertical compaction rates resulting from drawdown in each 
hydrogeologic layer were calculated according to the following 
expression for 1D consolidation of compressible porous media 
(Riley, 1969): 

s
b S b h∆ = × × ∆    (11) 

where: 
b∆ : is the change in layer thickness (cm) 

b: is the full thickness of the layer (m) 
h∆ : is the change in hydraulic head, or drawdown (m) 

s
S : is the layer’s specific storage (m-1),  s

s
S

b
=  

A metric related to the compressibility of both the sediment 
and water that expresses the volume of water released from 
storage per unit volume of water-bearing layer per unit decline in 
hydraulic head. This equation assumes instantaneous 
equilibration of hydraulic heads in low permeability units, 
neglecting delays in drainage. Drawdown rates in a given aquifer 
were applied to that layer and the overlying confining layer. 
Specific storage (inelastic) was assumed to be constant within 
each layer but decrease with layer depth (midpoint) according to 
an exponential function (Ingebritsen et al 2006) due to natural 
consolidation occurring over geologic time.  

Based on 1-D water flow theory in homogenous soil to 
calculate the pumping rate flow over time 
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3. For water flow through different soil: Use “continuity 

equation” to solve problem. 
4. For water flow through the same layer, 
 k const= i const⇒ =  

/ ( ) / ( ) /2 2 21 3 2 32i h L h h L h h L constt t t t t= ∆ = − = − =  (14) 
Can use “known i” to solve t

h at any point 
(13) h h hp t e⇒ = −  

(12) u h p wγ⇒ =  
2.32.32.32.3    Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground 
surfacesurfacesurfacesurface    
It is quantitatively convenient in treating complex aquifer systems 
to compute effective stresses and stress changes in terms of 
gravitational stress and the vertical normal component of seepage 
stress, which are algebraically additive. The following brief 
discussion is summarized from Poland and others (1975). 

If the compaction and water-level measurements are 
adequate to yield stress-strain plots that define compressibility in 
the plastic-plus-elastic range (stress exceeds preconsolidation 
stress) for the full compacting interval, approximate ultimate 
compaction (and subsidence) for a specified stress increase can be 
computed by use of the equation: 

 'z m m p
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∆ = ∆     (15) 

where: 
z∆ : is the computed ultimate subsidence or compaction 

(cm) 
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v
: is the mean compressibility of the compacting beds 

(cm2/kg) 
m : is the aggregate thickness of the compacting beds (m) 
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The coefficient of volume compressibility, in soil-mechanics 
terminology: 
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where: 
e
o

: Void ratio when not change effective stress 

1
e : Void ratio when the excess pore water pressure 

2.42.42.42.4    Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground 
surfacesurfacesurfacesurface    
Lohman showed that for an elastic confined aquifers: 
(Lohman,1972) 
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where: 
E

s
: bulk modulus of elasticity of the soil skeleton of the 

aquifers 
S: is the storage coefficient, S S b S

s s
= × − : is the layer’s 

specific storage 
b∆ : is compaction (cm) 
p∆ : is pressure caused by reducing groundwater table 

(N/m2) 

w
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γ : is the unit weight of water (KN/m3) 

h∆ :  is the change in hydraulic head (m) 
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b: is the thickness of the aquifer system (m) 
β : is the compressibility of the water (N/m2)-1 , 1

w
E

β =  

E
w

: is elastic module (N/m2), 
w

E = 2.1x109(N/m2) = 

2.1x106(KN/m2) 

2.52.52.52.5 Finite element methodFinite element methodFinite element methodFinite element method        
2.52.52.52.5.1 About plaxis 2D.1 About plaxis 2D.1 About plaxis 2D.1 About plaxis 2D    
Plaxis 2D Foundation is a finite element program which has been 
written for analysis foundations of structure including piled raft 
foundation. It can generate a large 2D finite element meshes. The 
mechanical behavior of soils can be modeled by several models 
(e.g. Mohr-Coulomb model) for different analyses. The 
interactions between piles, raft and soil can be simulated via this 
program. 
2.5.2 2.5.2 2.5.2 2.5.2 MohrMohrMohrMohr----coulomb modelcoulomb modelcoulomb modelcoulomb model    
Linear Elastic Model 
This is the simplest model used for materials, which is based on 
the Hooke’s law for isotropic linear elastic behavior. The 
relationship between effective stress and strain is expressed in 
term of the rate as below: 

D
ε

σ ε′ = ɺɺ                (1)                                           
Where De is the elastic material stiffness matrix. Effective 

Young’s modulus E and effective Poisson’s ratio ν are used in this 
model, which are attached in De matrix. Linear elastic model is 
inappropriate to model behavior of the soils which have highly 
non-linear behavior. This model is suitable to simulate behavior 
of structures (e.g. piles, raft or walls) where the strength properties 
of materials are very high compared with those of soil. In Plaxis, 
this model is usually used together with Non-porous type of 
material behavior to exclude pore pressures from these structural 
elements. 

Mohr-Coulomb Model 
The Mohr-Coulomb model is an elastic perfectly plastic 

model which is a constitutive model with a fixed yield surface and 
the behavior of points within the yield surface is purely elastic. 

Based on the basic principal of elastoplasticity, equation (3.1) can 
be written as:  
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εɺ is the plastic strain rate component which is 
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Where λ is the plastic multiplier which is defined from the 
yield function, f, as below: 
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g is the plastic potential function which is introduced to fix 
the problem of theory of associated plasticity in estimating 
dilatancy. Non-associated plasticity is denoted as g ≠ f. 

Therefore, the relationship between effective stress rates and 
strain rates can be expressed as 
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For multi surface yield contour, the above equations should 
be extended as: 

 31 2
1 2 3 ...p gg g

ε λ λ λ

σ σ σ

∂∂ ∂
= + + +

′ ′ ′∂ ∂ ∂

ɺ                   (6) 

Where iλ (i = 1, 2, 3,…) can be defined from the yield 
functions fi (i = 1, 2, 3,…), respectively.  

The yield condition used in Mohr-Coulomb model is an 
extension of Coulomb’s friction law to general states of stress. In 
principle stress space, this condition consists of six yield functions 
as below:   
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Where φ , c are the friction angle and cohesion of the soil 
respectively. The condition fi = 0 for all yield functions together 
give a hexagonal cone as shown in Figure 1.  

 
FigFigFigFigure 1ure 1ure 1ure 1.... The Mohr-Coulomb yield surface in principal stress 

space for c = 0 (Source: Brinkgreve et al., 2007). 
The plastic potential functions of Mohr-Coulomb model are 

defined as below: 
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Where ψ is the dilatancy angle of the soil. Hence, there are 
five parameters including c, φ and ψ for plasticity and E and ν

for elasticity are required for Mohr-Coulomb model. 
3.3.3.3. ResultsResultsResultsResults    
Different lithofacies such as clay, silt or sand, which are originated 
from different sedimentary environments, have different degrees 
of consolidation even if they were subject to an identical load. The 
classification of the land subsidence area into such geological 
units is instrumental in analyzing the land subsidence in terms of 
the hydrological balance of ground water and soil mechanics. 
Presuming that the regional differences of the land subsidence 
depend on geological and hydrogeological variations.  

 
Figure 1.2Figure 1.2Figure 1.2Figure 1.2.... The distribution of calculated soil layers. 

The examined clay layer located in Hung Phu industrial park 
where has a similar climatic and rainfall conditions as the study 
area. Hence, it is reasonable to use the soil parameters in this area 
as the input for the calculation in this study.    The measured soil 
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2. Calculate ,h h
p t

 at know points 

            
w

u
h

p γ

= ; h h h
t p e

= +   

 (12) (13) 
3. For water flow through different soil: Use “continuity 

equation” to solve problem. 
4. For water flow through the same layer, 
 k const= i const⇒ =  

/ ( ) / ( ) /2 2 21 3 2 32i h L h h L h h L constt t t t t= ∆ = − = − =  (14) 
Can use “known i” to solve t

h at any point 
(13) h h hp t e⇒ = −  

(12) u h p wγ⇒ =  
2.32.32.32.3    Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground Poland’s methods in estimating the settlement of ground 
surfacesurfacesurfacesurface    
It is quantitatively convenient in treating complex aquifer systems 
to compute effective stresses and stress changes in terms of 
gravitational stress and the vertical normal component of seepage 
stress, which are algebraically additive. The following brief 
discussion is summarized from Poland and others (1975). 

If the compaction and water-level measurements are 
adequate to yield stress-strain plots that define compressibility in 
the plastic-plus-elastic range (stress exceeds preconsolidation 
stress) for the full compacting interval, approximate ultimate 
compaction (and subsidence) for a specified stress increase can be 
computed by use of the equation: 

 'z m m p
v

∆ = ∆     (15) 

where: 
z∆ : is the computed ultimate subsidence or compaction 

(cm) 
m

v
: is the mean compressibility of the compacting beds 

(cm2/kg) 
m : is the aggregate thickness of the compacting beds (m) 

'p∆ : is the change in effective stress (KN/m2), '
1

p p p
o

∆ = −

The coefficient of volume compressibility, in soil-mechanics 
terminology: 

( )

0 1

1 '

e e
m

v
e p

o

−

=

+ ∆

   (16) 

where: 
e
o

: Void ratio when not change effective stress 

1
e : Void ratio when the excess pore water pressure 

2.42.42.42.4    Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground Lohman’s methods in estimating the settlement of ground 
surfacesurfacesurfacesurface    
Lohman showed that for an elastic confined aquifers: 
(Lohman,1972) 

w

b S
b

E
s

θ β

γ

= −    (17) 

and that Hooke’s Law (strain is proportional to stress, within 
the elastic limit) may be expressed: 

b
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s
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Combining equations (17) and (18): 
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where: 
E

s
: bulk modulus of elasticity of the soil skeleton of the 

aquifers 
S: is the storage coefficient, S S b S

s s
= × − : is the layer’s 

specific storage 
b∆ : is compaction (cm) 
p∆ : is pressure caused by reducing groundwater table 

(N/m2) 

w
p hγ∆ = ∆ , 

w
γ : is the unit weight of water (KN/m3) 

h∆ :  is the change in hydraulic head (m) 

nθ = : is the porosity (%),
1

e
n

e
=

+

 

b: is the thickness of the aquifer system (m) 
β : is the compressibility of the water (N/m2)-1 , 1

w
E

β =  

E
w

: is elastic module (N/m2), 
w

E = 2.1x109(N/m2) = 

2.1x106(KN/m2) 

2.52.52.52.5 Finite element methodFinite element methodFinite element methodFinite element method        
2.52.52.52.5.1 About plaxis 2D.1 About plaxis 2D.1 About plaxis 2D.1 About plaxis 2D    
Plaxis 2D Foundation is a finite element program which has been 
written for analysis foundations of structure including piled raft 
foundation. It can generate a large 2D finite element meshes. The 
mechanical behavior of soils can be modeled by several models 
(e.g. Mohr-Coulomb model) for different analyses. The 
interactions between piles, raft and soil can be simulated via this 
program. 
2.5.2 2.5.2 2.5.2 2.5.2 MohrMohrMohrMohr----coulomb modelcoulomb modelcoulomb modelcoulomb model    
Linear Elastic Model 
This is the simplest model used for materials, which is based on 
the Hooke’s law for isotropic linear elastic behavior. The 
relationship between effective stress and strain is expressed in 
term of the rate as below: 

D
ε

σ ε′ = ɺɺ                (1)                                           
Where De is the elastic material stiffness matrix. Effective 

Young’s modulus E and effective Poisson’s ratio ν are used in this 
model, which are attached in De matrix. Linear elastic model is 
inappropriate to model behavior of the soils which have highly 
non-linear behavior. This model is suitable to simulate behavior 
of structures (e.g. piles, raft or walls) where the strength properties 
of materials are very high compared with those of soil. In Plaxis, 
this model is usually used together with Non-porous type of 
material behavior to exclude pore pressures from these structural 
elements. 

Mohr-Coulomb Model 
The Mohr-Coulomb model is an elastic perfectly plastic 

model which is a constitutive model with a fixed yield surface and 
the behavior of points within the yield surface is purely elastic. 

Based on the basic principal of elastoplasticity, equation (3.1) can 
be written as:  

( )
e p

Dσ ε ε′ = −ɺ ɺɺ                                                    (2) 

Where p
εɺ is the plastic strain rate component which is 

defined by: 
p g

ε λ

σ

∂
=

′∂

ɺ                                                           (3) 

Where λ is the plastic multiplier which is defined from the 
yield function, f, as below: 
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T

ef
D ε
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∂
≤
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ɺ  (Elasticity)           (4a) 

0λ >  for: 0f = and: 0
T

ef
D ε

σ

∂
>

′∂

ɺ  (Plasticity)             (4b) 

g is the plastic potential function which is introduced to fix 
the problem of theory of associated plasticity in estimating 
dilatancy. Non-associated plasticity is denoted as g ≠ f. 

Therefore, the relationship between effective stress rates and 
strain rates can be expressed as 
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In which α = 0 (elasticity) and α = 1 (plasticity) 
T
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∂ ∂
=
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        (5b) 

For multi surface yield contour, the above equations should 
be extended as: 

 31 2
1 2 3 ...p gg g

ε λ λ λ

σ σ σ

∂∂ ∂
= + + +

′ ′ ′∂ ∂ ∂
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Where iλ (i = 1, 2, 3,…) can be defined from the yield 
functions fi (i = 1, 2, 3,…), respectively.  

The yield condition used in Mohr-Coulomb model is an 
extension of Coulomb’s friction law to general states of stress. In 
principle stress space, this condition consists of six yield functions 
as below:   
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Where φ , c are the friction angle and cohesion of the soil 
respectively. The condition fi = 0 for all yield functions together 
give a hexagonal cone as shown in Figure 1.  

 
FigFigFigFigure 1ure 1ure 1ure 1.... The Mohr-Coulomb yield surface in principal stress 

space for c = 0 (Source: Brinkgreve et al., 2007). 
The plastic potential functions of Mohr-Coulomb model are 

defined as below: 
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Where ψ is the dilatancy angle of the soil. Hence, there are 
five parameters including c, φ and ψ for plasticity and E and ν

for elasticity are required for Mohr-Coulomb model. 
3.3.3.3. ResultsResultsResultsResults    
Different lithofacies such as clay, silt or sand, which are originated 
from different sedimentary environments, have different degrees 
of consolidation even if they were subject to an identical load. The 
classification of the land subsidence area into such geological 
units is instrumental in analyzing the land subsidence in terms of 
the hydrological balance of ground water and soil mechanics. 
Presuming that the regional differences of the land subsidence 
depend on geological and hydrogeological variations.  

 
Figure 1.2Figure 1.2Figure 1.2Figure 1.2.... The distribution of calculated soil layers. 

The examined clay layer located in Hung Phu industrial park 
where has a similar climatic and rainfall conditions as the study 
area. Hence, it is reasonable to use the soil parameters in this area 
as the input for the calculation in this study.    The measured soil 
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layer is divided into 4 different thickness sub-layers because 
geological conditions are different in dissimilar areas. The soil 
layers are divided into dissimilar thickness in order to be suitable 
with modeled values in plaxis 2D. It indicates clearly the changes 
of settlement parameters according to the depth. The point F 
(Elevation = -16.6m) is the reference point for the calculation.  
    3.1 The basic hydro3.1 The basic hydro3.1 The basic hydro3.1 The basic hydro----geological parametersgeological parametersgeological parametersgeological parameters    
By using geological prospecting data and the basic hydro-
geological parameters of the upper-middle Pleistocene (qp2-3) 
aquifer: the land subsidence was defined and its triggers were 
discussed. The result of this study can be made as follows: 

 
Figure 1.3Figure 1.3Figure 1.3Figure 1.3.... Coincidence of water drawdown in BS05 well 

(logarithmic scale) with logarithmic graph of W(u) versus u. 
The graph shows: the points of coincidence among two 

graphs from Figure 3.7 and Figure 4.2 is 1.3 , 5s cm t= = minutes and
1

W( ) 1.223, 5u
u

= =   

Pumping test at BS05 pumping well, People’s Committee of 
Tan Phu ward, Cai Rang district, Can Tho city shows a data set 
allows to precisely analyzed for hydrogeological parameters in the 
study area. Hydrogeological parameters of the upper Pleistocene 
aquifer (qp2-3) were determined such as: permeability coefficient 
K = 4.3m/h, transmissivity coefficient T = 299.608m2/h, storativity 
coefficient S = 0.0083, specific storage Ss = 0.0005. 
3.3.3.3.2222    Finite element methoFinite element methoFinite element methoFinite element method 
For purposes of simulating the mechanical response (compression 
and expansion) of the aquifer system to groundwater level 
variations. Data collection related to soil, and the interpretation of 
such information, is fragmented.  It is critical to analysis standards 
for subsidence-related information. Using geological parameters 
of this soil, the lowering groundwater are as follows: 

Table 1.1Table 1.1Table 1.1Table 1.1.... Geological parameters. 
ParametersParametersParametersParameters    SoilSoilSoilSoil    

Thickness (m) 16.6 
Description Clay 
Model Mohr-coulomb 

3( / )KN m
unsat

γ  15.3 

3( / )KN munsatγ  16.375 

2( / )refE KN m   46.08 10−
×     

v 0.300    
c(KN/m2) 0.03 
φ (0) 1.96 

It was set up to match the properties specified in the 
geological prospecting data  as closely as possible, to determine 

how changes in effective stress affect computed subsidence in this 
model. With parameters set up as described above , this study we 
adopted the change in head to compute compaction simulation of 
effective stress periods 

The aquifer system is stressed by hydraulic head changes 
caused by pumping.  Compaction caused by drawdown in the 
aquifer system is simulated in Figure 1.4. 

  
Figure 1.4Figure 1.4Figure 1.4Figure 1.4.... Distribution of ground settlement with depth 

(Drawdown = 0.75m). 
Figure 1.4 presents the groundwater level decreased from -

8.57m to -9.32m, the land subsidence (P) is 0.60cm, average is 
0.8cm. The settlement of soil near the surface is larger than 
settlement of soil at larger depth 

The model solves for hydraulic head and vertical 
displacement for specified aquifer-system properties as a function 
of depth and time. The model parameters were adjusted within 
moderate ranges and available constraints to provide the best 
between measured and simulated compaction. The computed 
subsidence volume was 0.60cm. By incorporating the resulting 
parameter estimates in the previously calibrated regional model of 
groundwater flow and land subsidence we can significantly 
improve the agreement between simulated and observed land 
subsidence both in terms of magnitude and spatial extent 
3.3.3.3.3333    Calculated Land SubsidenceCalculated Land SubsidenceCalculated Land SubsidenceCalculated Land Subsidence    
Comparing four different methods at practical values with other 
hypothetical values: 

    
Figure 1.Figure 1.Figure 1.Figure 1.5555.... Relationship between depth and land subsidence 

(drawdown = 0.75m). 
The value of land subsidence caused by groundwater 

extraction in the study area depends on geological conditions and 

drawdown. Using four methods (Riley, Poland, Lohman and Plaxis 
2D model) the cumulative land subsidence in Cai Rang district, 
Can Tho city was about 0.62cm, 0.66cm, 0.61cm and 0.60cm 
(Figure 1.5). The land subsidence increases from 0 to 0.6cm (up 
to 0.66cm), the average value is 0.15cm. The calculated 
settlement accumulates with depth forward the ground surface. 
4.4.4.4. Concolusions:Concolusions:Concolusions:Concolusions:    
The results showed the appropriate methods to apply in 
calculating the surface subsidence due to lowering the water level 
below the soil. The value of land subsidence caused by 
groundwater extraction in the study area depends on geological 
conditions and drawdown. Using four methods (Riley, Poland, 
Lohman and Plaxis 2D model) the cumulative land subsidence 
in Cai Rang district, Can Tho city was about 0.62cm, 0.66cm, 
0.61cm and 0.60cm. Comparison of the calculation results 
obtained by these four methods shown that calculation of the 
time-dependent settlement for the land subsidence using Lohman, 
Riley and Plaxis 2D (0.61cm, 0.62cm, 0.60cm) gave results 
relatively close to the same. Thus, Lohman, Riley and Plaxis 2D 
are reliable methods and can be used to predict the land 
subsidence caused by the groundwater extraction.    

Using the Poland's method, the biggest land subsidence is 
6—7% bigger than using Riley’s method or Lohman's method and 
Plaxis 2D model. The reason for this deviation may relate to the 
short time of monitoring drawdowns and a small number of 
calculations. This long-term subsidence results from inelastic 
compaction of the aquifer system. 

In summary, groundwater level fluctuations change effective 
stresses in the following two ways: 1) A rise of the water table 
provides buoyant support for the grains in the zone of the change, 
and a decline removes the buoyant support; these changes in 
gravitational stress are transmitted downward to all underlying 
deposits. 2) A change in position of either the water table or the 
potentiometric surface of the confined aquifer system, or both, 
may induce vertical hydraulic gradients across confining or 
semiconfining beds and thereby produce a seepage stress. The 
vertical normal component of this stress is algebraically additive 
to the gravitational stress. 
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AppendixAppendixAppendixAppendix 
1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory        
Drawdown = -0.75 m =∆ℎ; Ground level: + 1 m 
*Before pumping: Groundwater level: -8.57 m 
Water pressure at point B, C, D, E, F: 
- At A:  1( ), 0( ), 1( )h m h m h me A pA tA= = =  

- At F:  . 8.57 8.57 ( 16.6) 8.03( )El m h m
pF

= − ⇔ = − − − =  

1 6 . 6 ( ) , 8 . 5 7 ( )e Fh m h mt F= − = −  
h htA tF>  ⇔ Flowing A to F 

-At B: 0 ( ), 1( ) 1 0 1( )h m h h m h meB tB tA pB= = = ⇔ = − =  
1

0 .5 7
5

h h htB tC tCi iB C B F
L B C

− −
= = =  

-At C: 1
0.57

5

h h htB tC tCi iBC BF
LBC

− −
= = = =  

1.88( ), 5( ) 1.88 ( 5) 3.12( )h m h m h mtC eC pC⇔ =− =− ⇔ =− − − =  

- At D: 1
0.57

9

h h htB tD tDi iBD BF
LBD

− −
= = = =     

4.19( ), 9( ) 4.19 ( 9) 4.81( )h m h m h mtD eC pD⇔ =− =− ⇔ =− − − =  
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layer is divided into 4 different thickness sub-layers because 
geological conditions are different in dissimilar areas. The soil 
layers are divided into dissimilar thickness in order to be suitable 
with modeled values in plaxis 2D. It indicates clearly the changes 
of settlement parameters according to the depth. The point F 
(Elevation = -16.6m) is the reference point for the calculation.  
    3.1 The basic hydro3.1 The basic hydro3.1 The basic hydro3.1 The basic hydro----geological parametersgeological parametersgeological parametersgeological parameters    
By using geological prospecting data and the basic hydro-
geological parameters of the upper-middle Pleistocene (qp2-3) 
aquifer: the land subsidence was defined and its triggers were 
discussed. The result of this study can be made as follows: 

 
Figure 1.3Figure 1.3Figure 1.3Figure 1.3.... Coincidence of water drawdown in BS05 well 

(logarithmic scale) with logarithmic graph of W(u) versus u. 
The graph shows: the points of coincidence among two 

graphs from Figure 3.7 and Figure 4.2 is 1.3 , 5s cm t= = minutes and
1

W( ) 1.223, 5u
u

= =   

Pumping test at BS05 pumping well, People’s Committee of 
Tan Phu ward, Cai Rang district, Can Tho city shows a data set 
allows to precisely analyzed for hydrogeological parameters in the 
study area. Hydrogeological parameters of the upper Pleistocene 
aquifer (qp2-3) were determined such as: permeability coefficient 
K = 4.3m/h, transmissivity coefficient T = 299.608m2/h, storativity 
coefficient S = 0.0083, specific storage Ss = 0.0005. 
3.3.3.3.2222    Finite element methoFinite element methoFinite element methoFinite element method 
For purposes of simulating the mechanical response (compression 
and expansion) of the aquifer system to groundwater level 
variations. Data collection related to soil, and the interpretation of 
such information, is fragmented.  It is critical to analysis standards 
for subsidence-related information. Using geological parameters 
of this soil, the lowering groundwater are as follows: 

Table 1.1Table 1.1Table 1.1Table 1.1.... Geological parameters. 
ParametersParametersParametersParameters    SoilSoilSoilSoil    

Thickness (m) 16.6 
Description Clay 
Model Mohr-coulomb 

3( / )KN m
unsat

γ  15.3 

3( / )KN munsatγ  16.375 

2( / )refE KN m   46.08 10−
×     

v 0.300    
c(KN/m2) 0.03 
φ (0) 1.96 

It was set up to match the properties specified in the 
geological prospecting data  as closely as possible, to determine 

how changes in effective stress affect computed subsidence in this 
model. With parameters set up as described above , this study we 
adopted the change in head to compute compaction simulation of 
effective stress periods 

The aquifer system is stressed by hydraulic head changes 
caused by pumping.  Compaction caused by drawdown in the 
aquifer system is simulated in Figure 1.4. 

  
Figure 1.4Figure 1.4Figure 1.4Figure 1.4.... Distribution of ground settlement with depth 

(Drawdown = 0.75m). 
Figure 1.4 presents the groundwater level decreased from -

8.57m to -9.32m, the land subsidence (P) is 0.60cm, average is 
0.8cm. The settlement of soil near the surface is larger than 
settlement of soil at larger depth 

The model solves for hydraulic head and vertical 
displacement for specified aquifer-system properties as a function 
of depth and time. The model parameters were adjusted within 
moderate ranges and available constraints to provide the best 
between measured and simulated compaction. The computed 
subsidence volume was 0.60cm. By incorporating the resulting 
parameter estimates in the previously calibrated regional model of 
groundwater flow and land subsidence we can significantly 
improve the agreement between simulated and observed land 
subsidence both in terms of magnitude and spatial extent 
3.3.3.3.3333    Calculated Land SubsidenceCalculated Land SubsidenceCalculated Land SubsidenceCalculated Land Subsidence    
Comparing four different methods at practical values with other 
hypothetical values: 

    
Figure 1.Figure 1.Figure 1.Figure 1.5555.... Relationship between depth and land subsidence 

(drawdown = 0.75m). 
The value of land subsidence caused by groundwater 

extraction in the study area depends on geological conditions and 

drawdown. Using four methods (Riley, Poland, Lohman and Plaxis 
2D model) the cumulative land subsidence in Cai Rang district, 
Can Tho city was about 0.62cm, 0.66cm, 0.61cm and 0.60cm 
(Figure 1.5). The land subsidence increases from 0 to 0.6cm (up 
to 0.66cm), the average value is 0.15cm. The calculated 
settlement accumulates with depth forward the ground surface. 
4.4.4.4. Concolusions:Concolusions:Concolusions:Concolusions:    
The results showed the appropriate methods to apply in 
calculating the surface subsidence due to lowering the water level 
below the soil. The value of land subsidence caused by 
groundwater extraction in the study area depends on geological 
conditions and drawdown. Using four methods (Riley, Poland, 
Lohman and Plaxis 2D model) the cumulative land subsidence 
in Cai Rang district, Can Tho city was about 0.62cm, 0.66cm, 
0.61cm and 0.60cm. Comparison of the calculation results 
obtained by these four methods shown that calculation of the 
time-dependent settlement for the land subsidence using Lohman, 
Riley and Plaxis 2D (0.61cm, 0.62cm, 0.60cm) gave results 
relatively close to the same. Thus, Lohman, Riley and Plaxis 2D 
are reliable methods and can be used to predict the land 
subsidence caused by the groundwater extraction.    

Using the Poland's method, the biggest land subsidence is 
6—7% bigger than using Riley’s method or Lohman's method and 
Plaxis 2D model. The reason for this deviation may relate to the 
short time of monitoring drawdowns and a small number of 
calculations. This long-term subsidence results from inelastic 
compaction of the aquifer system. 

In summary, groundwater level fluctuations change effective 
stresses in the following two ways: 1) A rise of the water table 
provides buoyant support for the grains in the zone of the change, 
and a decline removes the buoyant support; these changes in 
gravitational stress are transmitted downward to all underlying 
deposits. 2) A change in position of either the water table or the 
potentiometric surface of the confined aquifer system, or both, 
may induce vertical hydraulic gradients across confining or 
semiconfining beds and thereby produce a seepage stress. The 
vertical normal component of this stress is algebraically additive 
to the gravitational stress. 
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AppendixAppendixAppendixAppendix 
1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory1. Calculation of land subsidence after Riley’s theory        
Drawdown = -0.75 m =∆ℎ; Ground level: + 1 m 
*Before pumping: Groundwater level: -8.57 m 
Water pressure at point B, C, D, E, F: 
- At A:  1( ), 0( ), 1( )h m h m h me A pA tA= = =  

- At F:  . 8.57 8.57 ( 16.6) 8.03( )El m h m
pF

= − ⇔ = − − − =  

1 6 . 6 ( ) , 8 . 5 7 ( )e Fh m h mt F= − = −  
h htA tF>  ⇔ Flowing A to F 

-At B: 0 ( ), 1( ) 1 0 1( )h m h h m h meB tB tA pB= = = ⇔ = − =  
1

0 .5 7
5

h h htB tC tCi iB C B F
L B C

− −
= = =  

-At C: 1
0.57

5

h h htB tC tCi iBC BF
LBC

− −
= = = =  

1.88( ), 5( ) 1.88 ( 5) 3.12( )h m h m h mtC eC pC⇔ =− =− ⇔ =− − − =  

- At D: 1
0.57

9

h h htB tD tDi iBD BF
LBD

− −
= = = =     

4.19( ), 9( ) 4.19 ( 9) 4.81( )h m h m h mtD eC pD⇔ =− =− ⇔ =− − − =  
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- At E   1
0 .5 7

1 2

h h htB tE tEi iB C B E
L B E

− −
= = = =

       

5.92( ), 12( ) 5.92 ( 12) 6.08( )h m h m h mtE eC pE⇔ =− =− ⇔ =− − − =  

* After pumping: Groundwater level: -9.32m 
- At A: 1( ), 0 ( ), 1( )h m h m h meA p A A= = =  

- At F: . 9.32 9.32 ( 16.6) 7.28( )El m h mpF=− ⇔ =− − − =  

16 .6 ( ), 9 .32 ( )h m h meF t F= − = −  
h htA tF>   Flowing A to F. 
-At B: 0 ( ), 1( ) 1 0 1( )h m h h m h meB tB tA pB= = = ⇔ = − =  

1 ( 9 .3 2 )
0 .6 2

1 6 .6

h htB tFiB F
L B F

− − −
= = =  

-At C: 1
0.62

5

h h htB tC tCi i
BC BF LBC

− −
= = = =  

2.11( ), 5( ) 2.11 ( 5) 2.89( )h m h m h m
tC eC pE

⇔ = − = − ⇔ = − − − = -At D: 

1
0 .6 2

9

h h htB tD tDi i
B D B F L B D

− −
= = = =  

9 .3 2 ( ) 4 .6 ( 9 ) 4 .4 ( )E l m h mp F= − ⇔ = − − − =  

-At E: 1
0 .6 2

1 2

h h htB tE tEi iB C B E
L B E

− −
= = = =  

6.46( ), 12( ) 6.46 ( 12) 5.54( )h m h m h mtE eC pE=− =− ⇔ =− − − =  

* * * * Calculation of land subsidence after Riley’s theory is computed 
as: 
     b S b h

s
∆ = × × ∆  

Drawdown = 0.75m =∆ℎ 
- At F: 8.57 ( 9.32) 0.75( )h h h mbefore after∆ = − =− − − =  

0 ( )b mF =  
(0 .0005 0 0.75 ) 100 0 ( )b S b h cmF s∆ = × ×∆ = × × × =  

- At E: 8.57 ( 9.32) 0.75( )h h h mbefore after∆ = − =− − − =  

4.6( )b mE=  
(0.0005 4.6 1.29) 100 0 0.17( )b S b h cmE s∆ = × ×∆ = × × × + =  

- At D: 8.57 ( 9.32) 0.75( )h h h mbefore after∆ = − =− − − =  

3( )b m
D

=  

(0.0005 3 1.29) 100 0.17 0.29( )b S b h cmD s∆ = × ×∆ = × × × + =  
-At C: 8.57 ( 9.32) 0.75( )h h h mbefore after∆ = − = − − − =  

4( )b mC =  
(0.0005 4 1.29) 100 0.29 0.44( )b S b h cmC s∆ = × ×∆ = × × × + =  

-At B: 8.57 ( 9.32) 0.75( )h h h mbefore after∆ = − = − − − =  
5 ( )b mB =  

(0.0005 5 1.29) 100 0.44 0.62( )b S b h cmB s∆ = × ×∆ = × × × + =  
2.Calculation of land subsidence after Poland’s theory2.Calculation of land subsidence after Poland’s theory2.Calculation of land subsidence after Poland’s theory2.Calculation of land subsidence after Poland’s theory    
Drawdown = 0.75m =∆ℎ    
Saturated unit weight in soil: 

( ) (2 .6 1 .51)10 3w 16.375 /
1 1 1 .51

G es o K N msat
e

γ
γ

− +
= = =

+ +

  

(e = e0, no drawdown) 
Bouyant unit weight in soil: 

3' 16 .375 10 6.375 /w K N msatγ γ γ= − = − =  

Effective stress at the middle of the clay layer when no 
drawdown:

216 .6
8 .57 15 .3 ( 8 .57 ) 6 .375 129 .4 /

2
o

p K N m= × + − × =

Effective stress at the middle of the clay layer when drawdown:        
2

1

16 .6
9 .32 15 .3 ( 8 .57 ) 6 .375 136 .1 /

2
p K N m= × + − × =

Void 

ratio when the excess pore water pressure:               
(G -1)γ (2.6-1)10 3s wγ '= = =6.375KN/m e =1.5091

1+e 1+e1 1
⇔  

The coefficient of volume compressibility: 
1.51 1.5091 0.00006

(1 ) ' (1 1.51)(136.1 129.4)

e eomv
e po

− −
= = =

+ ∆ + −

 

Accordingly, the settlement of ground surface can be derived as 
below: 

 = ′ 
At F: 0( )m m=  
At E: 4.6( )m m=  

01 3 )6 .10 .0 10 0 0 6 4 .6 ( ) 1 0 0 0 .1 8 (.2 9 4z cmE −∆ = × × × + =  
At D: 3( )m m=  

)136.1 120.00006 3 ( ) 100 0.18 0.30. (9 4z cmD∆ = × × × =− +  
At C: 4 ( )m m=  

)136.1 120.00006 4 ( ) 100 0.30 0.46. (9 4z cmC∆ = × × × =− +  
At B: 5 ( )m m=  

0.00006 5 (136.1 129.4) 100 0.42 0.66( )z cmB∆ = × × − × + =  
3.C3.C3.C3.Calculation of land subsidence after Lohman’s theoryalculation of land subsidence after Lohman’s theoryalculation of land subsidence after Lohman’s theoryalculation of land subsidence after Lohman’s theory    

According to the equation:    ( )
w

S
b p n b β

γ

∆ = ∆ −  

Drawdown = 0.75m =∆ℎ 
The pressure caused by reducing groundwater table: 

( )1 0 5 .2 5 ( 6 ) 7 .5 ( )wp h mγ∆ = × ∆ = × − − − =  
Substituting S, n, b, β,  into (3), one gets: 
-At F: 0( )m m=  

0 .0 0 0 5 5 1 .5 1 1
7 .5 ( 0 ) 0 ( )

61 0 1 1 .5 1 2 .1 1 0
b c mF

×
∆ = × − × × =

+
×

 

-At E: 4.6( )m m=  
0 .0 0 0 5 5 1 .5 1 1

7 .5 ( 4 .6 ) 0 0 .1 7 ( )
61 0 1 1 .5 1 2 .1 1 0

b c mE
×

∆ = × − × × + =

+
×

-

At D: 3( )m m=  
0 .0 0 0 5 5 1 .5 1 1

7 .5 ( 3 ) 0 .1 7 0 .2 8 ( )
61 0 1 1 .5 1 2 .1 1 0

b cmD
×

∆ = × − × × + =

+
×

-At 

C: 4( )m m=  
0 .0005 5 1 .51 1

7 .5 ( 4 ) 0 .28 0 .43( )
610 1 1 .51 2 .1 10

b cmc
×

∆ = × − × × + =

+
×

-

At E: 5( )m m=  
0 .0 0 0 5 5 1 .5 1 1

7 .5 ( 5 ) 0 .3 9 0 .6 2 ( )
61 0 1 1 .5 1 2 .1 1 0

b c mE
×

∆ = × − × × + =

+
×
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AbstractAbstractAbstractAbstract    
This paper presents a simple method for the nonlinear response of single pile under torsional load in layered soils. The properties of 
each soil layer is assumed to be constant. The method is based on finite element theory of bar element on elastic foundation. Subgrade 
reactions of torsion springs of soil are determined by available methods in the literature. To consider nonlinear behaviors of soil, two 
approximated relationships between shear stress and shear strain at pile shaft are used including elastic-perfectly plastic and 
hyperbolic. The proposed method is verified by comparing its results to analytical solutions and field test data from other authors. 
KKKKeywords:eywords:eywords:eywords: Finite element method; Piles; Elastic perfectly-plastic; Hyperbolic curve; Torsional load. 
 
1. 1. 1. 1. IntroductionIntroductionIntroductionIntroduction    
Eccentric lateral loads acting on superstructures induces torsional 
forces on supporting pile foundations. Prediction of torsional 
capacity of pile foundation is a task to archive adequate design. 
In soil-foundation-structure interaction analysis, stiffness of 
springs including torsional component need to be determined 
based on the stiffness of piles in foundations. In the literature, 
researchers have developed the analytical and numerical method 
to analyze the response of pile under torque applying at pile top. 
Poulos [10] developed numerical method and solved 
equilibrium equations to obtain rotation and soil-pile interaction 
shear stress along the pile. Randolph [11] obtained closed-form 
analytical solution for torsional stiffness of soil spring at pile shaft 
by assumption of simplified shear stress field in the soil. Guo et 
al. [5], Guo and Randolph [6], and Hache and Valsangkar [7] 
used the same approach as Raldolph [11] and solved differential 
equation for pile under torque in homogeneous and two-layer 
soil by analytical and numerical methods. Chow [2] used linear 
functions of angle of twist to determine the response of pile 
under torque in two-layer soil by finite element method for bar 
element. Misra et.al. [8] used method of initial parameters to 
obtain closed-form solutions for pile in multi-layered soil. Zhang 
[15] solved the differential equations deriving the variational 
principle to determine the elastic response of the pile in two-
layer soil. Basack and Sen [1] used boundary element method to 
analyze pile to subject torsion. Georgiadis and Saflekou [4] 
predicted response of pile under combined axial and torsional 
loads by using numerical method. 

To investigate real behaviors of pile under torque, Stoll 
[14], Poulos [10] and Georgiadis and Saflekou [4] conducted 
several field and laboratory model load tests. Nonlinear analyses 
then performed by Basack and Sen [1], Chow [2], Poulos [10] 
and Zhang [15] and compared to the field load tests to verify the 
accuracy of predictions. 

Using the above methods in analyzing pile under torque 
still has some difficulties in practical field because of solving set 

of equations or complicated calculation procedures. Simple 
solution is a key point which can be used widely in practical 
field. In this paper, the author presents a simple method 
combining analytical and numerical methods to solve single pile 
with circular shape of cross section under torque at pile top in 
multiple-layered soil (Nghiem [9]). 
2. 2. 2. 2. PilePilePilePile----ssssoil oil oil oil mmmmodelodelodelodel    
In the finite element method, pile is modeled by a bar element 
with rotational springs as shown in Figure1. Soil springs can be 
linear or nonlinear, and represented by subgrade reaction and 
nonlinear relation between torque and angle of twist, 
respectively. The differential equation to be solved for bar 
element on elastic foundation is written as: 

     
2

2
0

p p s

d
G J k

dz

θ
θ+ =      (1) 

where θ  is angle of twist; p
G  is shear modulus of pile 

material; pJ  is polar inertia moment of pile cross section; 
s

k  is 

soil spring stiffness. Solution of Eq. (1) is presented below. 

 
FigureFigureFigureFigure    1.1.1.1. Pile-soil system. 

3. 3. 3. 3. Equivalent Equivalent Equivalent Equivalent sssstiffness of tiffness of tiffness of tiffness of ppppileileileile----soilsoilsoilsoil    ssssegmentegmentegmentegment    
According to finite element method, angle of twist in a bar 
element is approximated by nodal angles of twist as (Figure2): 

      
1 1 2 2

N Nθ θ θ= +      (2) 


