
JOMC 18

Journal of Materials and Construction Vol 14 No.02 (2024)

 



JOMC 19

Journal of Materials and Construction Vol 14 No.02 (2024)

 
 

𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑄𝑄𝑖𝑖𝑖𝑖 = 0
𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 𝑄𝑄𝑖𝑖𝑖𝑖

𝐾𝐾𝑥𝑥 𝐾𝐾𝑧𝑧

𝑞𝑞𝑥𝑥 = −𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑞𝑞𝑧𝑧 = −𝐾𝐾𝑧𝑧

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑄𝑄𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑞𝑞𝑥𝑥
𝜕𝜕𝜕𝜕 𝑑𝑑𝑑𝑑 × 𝑑𝑑𝑑𝑑 × 1 + 𝜕𝜕𝑞𝑞𝑧𝑧

𝜕𝜕𝜕𝜕 𝑑𝑑𝑑𝑑 × 𝑑𝑑𝑑𝑑 × 1 = 0
𝑄𝑄𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑄𝑄𝑖𝑖𝑖𝑖 = 𝜕𝜕

𝜕𝜕𝜕𝜕 (−𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝑑𝑑 × 𝑑𝑑𝑑𝑑 × 1

+ 𝜕𝜕
𝜕𝜕𝜕𝜕 (−𝐾𝐾𝑧𝑧

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ) 𝑑𝑑𝑑𝑑 × 𝑑𝑑𝑑𝑑 × 1 = 0

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝐾𝐾𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 ) = 0

𝑑𝑑2𝑦𝑦
𝑑𝑑𝑥𝑥2 + 𝑓𝑓(𝑥𝑥) = 0    (𝑥𝑥𝑎𝑎 ≤ 𝑥𝑥 ≤ 𝑥𝑥𝑏𝑏)

𝑦𝑦(𝑥𝑥𝑎𝑎) = 𝑦𝑦𝑎𝑎 𝑦𝑦(𝑥𝑥𝑏𝑏) = 𝑦𝑦𝑏𝑏

𝑦𝑦∗(𝑥𝑥) = ∑ 𝑦𝑦𝑖𝑖𝑛𝑛𝑖𝑖(𝑥𝑥)𝑀𝑀+1
𝑖𝑖=1

𝑦𝑦𝑖𝑖 𝑥𝑥 = 𝑥𝑥𝑖𝑖 𝑛𝑛𝑖𝑖(𝑥𝑥)

Domain x_a≤x≤x_b discretized into M elements.

𝑅𝑅(𝑥𝑥; 𝑦𝑦𝑖𝑖) = ∑ [𝑑𝑑2𝑦𝑦∗

𝑑𝑑𝑥𝑥2 + 𝑓𝑓(𝑥𝑥)]𝑀𝑀+1
𝑖𝑖=1 =

∑ [ 𝑑𝑑2

𝑑𝑑𝑥𝑥2 [𝑦𝑦𝑖𝑖𝑛𝑛𝑖𝑖(𝑥𝑥)] + 𝑓𝑓(𝑥𝑥)]𝑀𝑀+1
𝑖𝑖=1

to which the application of Galerkin’s

∫ 𝑛𝑛𝑗𝑗(𝑥𝑥)𝑅𝑅(𝑥𝑥; 𝑦𝑦𝑖𝑖)𝑑𝑑𝑑𝑑𝑥𝑥𝑏𝑏
𝑥𝑥𝑎𝑎

=
∫ 𝑛𝑛𝑗𝑗(𝑥𝑥) ∑ [ 𝑑𝑑2

𝑑𝑑𝑥𝑥2 [𝑦𝑦𝑖𝑖𝑛𝑛𝑖𝑖(𝑥𝑥)] + 𝑓𝑓(𝑥𝑥)]𝑀𝑀+1
𝑖𝑖=1 𝑑𝑑𝑑𝑑𝑥𝑥𝑏𝑏

𝑥𝑥𝑎𝑎
𝑗𝑗 = 1, 𝑀𝑀 +

1

∫ 𝑛𝑛𝑗𝑗(𝑥𝑥) [ 𝑑𝑑2

𝑑𝑑𝑥𝑥2 [𝑦𝑦𝑗𝑗𝑛𝑛𝑗𝑗(𝑥𝑥) + 𝑦𝑦𝑗𝑗+1𝑛𝑛𝑗𝑗+1(𝑥𝑥)] +𝑥𝑥𝑗𝑗+1
𝑥𝑥𝑗𝑗

𝑓𝑓(𝑥𝑥)] 𝑑𝑑𝑑𝑑 = 0
𝑗𝑗 = 1, 𝑀𝑀 + 1

𝑀𝑀 + 1 𝑀𝑀 +
1 𝑦𝑦𝑗𝑗

[𝐾𝐾𝐹𝐹𝐹𝐹]{𝑦𝑦} = {𝐹𝐹}
[𝐾𝐾𝐹𝐹𝐹𝐹] {𝑦𝑦}

{𝐹𝐹}

𝐻𝐻(𝑥𝑥, 𝑧𝑧) = ∑ 𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑧𝑧)𝐻𝐻𝑖𝑖
𝑀𝑀
𝑖𝑖=1 = [𝑁𝑁]{𝐻𝐻}

𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑧𝑧)
𝐻𝐻𝑖𝑖 [𝑁𝑁]

{𝐻𝐻}
Galerkin’s finite element method, the residual equations corresponding 
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∬ 𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑧𝑧) [ 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝑡𝑡𝐾𝐾𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑡𝑡𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)] d𝐴𝐴𝐴𝐴 =

0   (𝑖𝑖 = 1,𝑀𝑀)

𝑡𝑡 ∬ [ 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝐾𝐾𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)𝑁𝑁𝑖𝑖 + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)𝑁𝑁𝑖𝑖] d𝐴𝐴𝐴𝐴

= −t∮ (𝑞𝑞𝑥𝑥𝑛𝑛𝑥𝑥 + 𝑞𝑞𝑧𝑧𝑛𝑛𝑧𝑧)𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑𝑆𝑆 − 𝑡𝑡 ∬ [𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 +𝐴𝐴

𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 ] d𝐴𝐴

𝑛𝑛𝑥𝑥 𝑛𝑛𝑧𝑧

∬ [𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 + 𝐾𝐾𝑧𝑧

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 ] td𝐴𝐴𝐴𝐴 =  −t ∮ (𝑞𝑞𝑥𝑥𝑛𝑛𝑥𝑥 +𝑆𝑆

𝑞𝑞𝑧𝑧𝑛𝑛𝑧𝑧)𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑
(𝑖𝑖 = 1,𝑀𝑀)

formulation via Galerkin’s method. At this point, we convert to matrix 

∬ [𝐾𝐾𝑥𝑥 [𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]

𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕] + 𝐾𝐾𝑧𝑧 [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]] {𝐻𝐻(𝑒𝑒)}td𝐴𝐴𝐴𝐴 =

 −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠[𝑁𝑁]𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)]{𝐻𝐻(𝑒𝑒)} = {𝐹𝐹𝑞𝑞

(𝑒𝑒)}
[𝐾𝐾𝐹𝐹𝐹𝐹

(𝑒𝑒)]
{𝐹𝐹𝑞𝑞

(𝑒𝑒)}
𝐾𝐾𝑥𝑥 =

𝐾𝐾𝑧𝑧 = 𝐾𝐾

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)] = 𝐾𝐾 ∬ [[𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕] + [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]] td𝐴𝐴𝐴𝐴

{𝐹𝐹𝑞𝑞
(𝑒𝑒)} = −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠[𝑁𝑁]𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆 = −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠{𝑁𝑁}𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆

𝐿𝐿3

𝑇𝑇𝑇𝑇 = 𝐿𝐿2

𝑇𝑇

𝐿𝐿3

𝑇𝑇𝑇𝑇𝑇𝑇 = 𝐿𝐿
𝑇𝑇

𝑞𝑞𝑠𝑠 = 0

𝑁𝑁1(𝑟𝑟, 𝑠𝑠) = 1
4 (1 − 𝑟𝑟)(1 − 𝑠𝑠)

𝑁𝑁2(𝑟𝑟, 𝑠𝑠) = 1
4 (1 + 𝑟𝑟)(1 − 𝑠𝑠)

𝑁𝑁3(𝑟𝑟, 𝑠𝑠) = 1
4 (1 + 𝑟𝑟)(1 + 𝑠𝑠)

𝑁𝑁4(𝑟𝑟, 𝑠𝑠) = 1
4 (1 − 𝑟𝑟)(1 + 𝑠𝑠)

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)] =

[
 
 
 
 
 𝐾𝐾11

(𝑒𝑒) 𝐾𝐾12
(𝑒𝑒) 𝐾𝐾13

(𝑒𝑒) 𝐾𝐾14
(𝑒𝑒)

𝐾𝐾21
(𝑒𝑒) 𝐾𝐾22

(𝑒𝑒) 𝐾𝐾23
(𝑒𝑒) 𝐾𝐾24

(𝑒𝑒)

𝐾𝐾31
(𝑒𝑒) 𝐾𝐾32

(𝑒𝑒) 𝐾𝐾33
(𝑒𝑒) 𝐾𝐾34

(𝑒𝑒)

𝐾𝐾41
(𝑒𝑒) 𝐾𝐾42

(𝑒𝑒) 𝐾𝐾43
(𝑒𝑒) 𝐾𝐾44

(𝑒𝑒)]
 
 
 
 
 

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)]

𝐾𝐾11
(𝑒𝑒) = 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 ∫ ∫ [(𝑠𝑠−1)2

16
1
𝑎𝑎2 + (𝑟𝑟−1)2

16
1
𝑏𝑏2] d𝑟𝑟1

−1 𝑑𝑑𝑑𝑑1
−1
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∬ 𝑁𝑁𝑖𝑖(𝑥𝑥, 𝑧𝑧) [ 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝑡𝑡𝐾𝐾𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝑡𝑡𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)] d𝐴𝐴𝐴𝐴 =

0   (𝑖𝑖 = 1,𝑀𝑀)

𝑡𝑡 ∬ [ 𝜕𝜕
𝜕𝜕𝜕𝜕 (𝐾𝐾𝑥𝑥

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)𝑁𝑁𝑖𝑖 + 𝜕𝜕

𝜕𝜕𝜕𝜕 (𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)𝑁𝑁𝑖𝑖] d𝐴𝐴𝐴𝐴

= −t∮ (𝑞𝑞𝑥𝑥𝑛𝑛𝑥𝑥 + 𝑞𝑞𝑧𝑧𝑛𝑛𝑧𝑧)𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑𝑆𝑆 − 𝑡𝑡 ∬ [𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 +𝐴𝐴

𝐾𝐾𝑧𝑧
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 ] d𝐴𝐴

𝑛𝑛𝑥𝑥 𝑛𝑛𝑧𝑧

∬ [𝐾𝐾𝑥𝑥
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 + 𝐾𝐾𝑧𝑧

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 ] td𝐴𝐴𝐴𝐴 =  −t ∮ (𝑞𝑞𝑥𝑥𝑛𝑛𝑥𝑥 +𝑆𝑆

𝑞𝑞𝑧𝑧𝑛𝑛𝑧𝑧)𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑
(𝑖𝑖 = 1,𝑀𝑀)

formulation via Galerkin’s method. At this point, we convert to matrix 

∬ [𝐾𝐾𝑥𝑥 [𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]

𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕] + 𝐾𝐾𝑧𝑧 [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]] {𝐻𝐻(𝑒𝑒)}td𝐴𝐴𝐴𝐴 =

 −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠[𝑁𝑁]𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)]{𝐻𝐻(𝑒𝑒)} = {𝐹𝐹𝑞𝑞

(𝑒𝑒)}
[𝐾𝐾𝐹𝐹𝐹𝐹

(𝑒𝑒)]
{𝐹𝐹𝑞𝑞

(𝑒𝑒)}
𝐾𝐾𝑥𝑥 =

𝐾𝐾𝑧𝑧 = 𝐾𝐾

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)] = 𝐾𝐾 ∬ [[𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕] + [𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕]
𝑇𝑇
[𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]] td𝐴𝐴𝐴𝐴

{𝐹𝐹𝑞𝑞
(𝑒𝑒)} = −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠[𝑁𝑁]𝑇𝑇𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆 = −∮ 𝑞𝑞𝑠𝑠𝑛𝑛𝑠𝑠{𝑁𝑁}𝑡𝑡𝑡𝑡𝑡𝑡𝑆𝑆

𝐿𝐿3

𝑇𝑇𝑇𝑇 = 𝐿𝐿2

𝑇𝑇

𝐿𝐿3

𝑇𝑇𝑇𝑇𝑇𝑇 = 𝐿𝐿
𝑇𝑇

𝑞𝑞𝑠𝑠 = 0

𝑁𝑁1(𝑟𝑟, 𝑠𝑠) = 1
4 (1 − 𝑟𝑟)(1 − 𝑠𝑠)

𝑁𝑁2(𝑟𝑟, 𝑠𝑠) = 1
4 (1 + 𝑟𝑟)(1 − 𝑠𝑠)

𝑁𝑁3(𝑟𝑟, 𝑠𝑠) = 1
4 (1 + 𝑟𝑟)(1 + 𝑠𝑠)

𝑁𝑁4(𝑟𝑟, 𝑠𝑠) = 1
4 (1 − 𝑟𝑟)(1 + 𝑠𝑠)

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)] =

[
 
 
 
 
 𝐾𝐾11

(𝑒𝑒) 𝐾𝐾12
(𝑒𝑒) 𝐾𝐾13

(𝑒𝑒) 𝐾𝐾14
(𝑒𝑒)

𝐾𝐾21
(𝑒𝑒) 𝐾𝐾22

(𝑒𝑒) 𝐾𝐾23
(𝑒𝑒) 𝐾𝐾24

(𝑒𝑒)

𝐾𝐾31
(𝑒𝑒) 𝐾𝐾32

(𝑒𝑒) 𝐾𝐾33
(𝑒𝑒) 𝐾𝐾34

(𝑒𝑒)

𝐾𝐾41
(𝑒𝑒) 𝐾𝐾42

(𝑒𝑒) 𝐾𝐾43
(𝑒𝑒) 𝐾𝐾44

(𝑒𝑒)]
 
 
 
 
 

[𝐾𝐾𝐹𝐹𝐹𝐹
(𝑒𝑒)]

𝐾𝐾11
(𝑒𝑒) = 𝐾𝐾𝐾𝐾𝐾𝐾𝐾𝐾 ∫ ∫ [(𝑠𝑠−1)2

16
1
𝑎𝑎2 + (𝑟𝑟−1)2

16
1
𝑏𝑏2] d𝑟𝑟1

−1 𝑑𝑑𝑑𝑑1
−1

 

𝑟𝑟𝑖𝑖, 𝑠𝑠𝑗𝑗 = ±0.57735 𝑊𝑊𝑖𝑖,𝑊𝑊𝑗𝑗 = 1.0
𝑖𝑖, 𝑗𝑗 = 1. 2

𝐾𝐾11
(𝑒𝑒) = 𝐾𝐾𝐾𝐾 𝑏𝑏𝑎𝑎 ∑ ∑ 1

16𝑊𝑊𝑖𝑖𝑊𝑊𝑗𝑗(𝑠𝑠𝑗𝑗 − 1)22
𝑗𝑗=1

2
𝑖𝑖=1 +

𝐾𝐾𝐾𝐾 𝑎𝑎𝑏𝑏 ∑ ∑ 1
16𝑊𝑊𝑖𝑖𝑊𝑊𝑗𝑗(𝑟𝑟𝑖𝑖 − 1)22

𝑗𝑗=1
2
𝑖𝑖=1

𝐾𝐾11
(𝑒𝑒) = 𝐾𝐾𝐾𝐾 𝑏𝑏𝑎𝑎 ∑ ∑ 1

16𝑊𝑊𝑖𝑖𝑊𝑊𝑗𝑗(𝑠𝑠𝑗𝑗 − 1)2|𝐽𝐽(𝑟𝑟𝑖𝑖, 𝑠𝑠𝑗𝑗)|2
𝑗𝑗=1

2
𝑖𝑖=1

+𝐾𝐾𝐾𝐾 𝑎𝑎𝑏𝑏 ∑ ∑ 1
16𝑊𝑊𝑖𝑖𝑊𝑊𝑗𝑗(𝑟𝑟𝑖𝑖 − 1)2|𝐽𝐽(𝑟𝑟𝑖𝑖, 𝑠𝑠𝑗𝑗)|2

𝑗𝑗=1
2
𝑖𝑖=1

|𝐽𝐽(𝑟𝑟𝑖𝑖, 𝑠𝑠𝑗𝑗)| 𝑟𝑟𝑖𝑖
𝑠𝑠𝑗𝑗

[𝐽𝐽] = [𝐽𝐽11 𝐽𝐽12
𝐽𝐽21 𝐽𝐽22] = [

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

]

𝐽𝐽11 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = ∑ 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕 𝑥𝑥𝑖𝑖
4
1 = 1

4
[(𝑠𝑠 − 1)𝑥𝑥1 + (1 −

𝑠𝑠)𝑥𝑥2 + (1 + 𝑠𝑠)𝑥𝑥3 − (1 + 𝑠𝑠)𝑥𝑥4]

[𝐾𝐾𝐹𝐹𝐹𝐹]{𝐻𝐻} = {𝐹𝐹𝑞𝑞}
[𝐾𝐾𝐹𝐹𝐹𝐹]

𝑀𝑀𝑇𝑇 × 𝑀𝑀𝑇𝑇 𝑀𝑀𝑇𝑇 {𝐻𝐻}
𝑀𝑀𝑇𝑇 × 1 {𝐹𝐹𝑞𝑞}

𝑀𝑀𝑇𝑇 × 1

𝐾𝐾(ℎ) = 𝐾𝐾𝑠𝑠𝐾𝐾𝑟𝑟(ℎ)
𝐾𝐾𝑠𝑠 𝐾𝐾𝑟𝑟(ℎ)

𝐾𝐾𝑟𝑟(ℎ)
based on two parameters α and n. The values of 𝐾𝐾𝑟𝑟(ℎ)

𝐾𝐾𝑟𝑟(ℎ) 𝐾𝐾𝑟𝑟

𝐾𝐾𝑟𝑟 =
[1−(𝛼𝛼𝑃𝑃𝑛𝑛−1)(1+(𝛼𝛼𝑃𝑃𝑛𝑛))−𝑚𝑚]

2

[(1+𝛼𝛼𝛼𝛼)𝑛𝑛]𝑚𝑚/2

; α is a parameter 
𝑚𝑚 = 1 − 1/𝑛𝑛 α

 

 

ℎ𝑢𝑢𝑢𝑢
ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

• 

• 

𝐹𝐹𝑞𝑞
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• 

software SEEP/W, these portions are marked as ‘potential seepage face’ 

within the ‘potential seepage face’ (DF in the problem in 

• 𝐹𝐹𝑞𝑞 =
0

• 

𝐹𝐹𝑞𝑞 = 0
so that the procedure converts the such nodes’ boudaries to the H
with pressure heads h of zero (the hydraulic heads H equal the nodes’ 

• 

𝐹𝐹𝑞𝑞 = 0
• 

• 

• 

ℎ𝑢𝑢𝑢𝑢 = 8 m ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 2 m

is the saturated hydraulic conductivity, the parameters α 
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• 

software SEEP/W, these portions are marked as ‘potential seepage face’ 

within the ‘potential seepage face’ (DF in the problem in 

• 𝐹𝐹𝑞𝑞 =
0

• 

𝐹𝐹𝑞𝑞 = 0
so that the procedure converts the such nodes’ boudaries to the H
with pressure heads h of zero (the hydraulic heads H equal the nodes’ 

• 

𝐹𝐹𝑞𝑞 = 0
• 

• 

• 

ℎ𝑢𝑢𝑢𝑢 = 8 m ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 2 m

is the saturated hydraulic conductivity, the parameters α 

 

The soil’s parameters.
𝐾𝐾𝑠𝑠 α (kPa
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’s results to the ones 
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