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Heaviside function

This study investigates the impact of different mathematical forms of the Heaviside function on the numerical
Discontinuity problems
XFEM

Numerical solution

solution of discontinuity problems using the extended finite element method (XFEM). The Heaviside function
is commonly employed to represent displacement jumps across discontinuities, such as cracks or material
Enrichment functions interfaces, through enrichment functions. Although several formulations exist, it remains unclear whether
these differences influence the accuracy or consistency of numerical results. In this work, multiple cases
involving a one-dimensional bar with an internal discontinuity are analyzed using distinct Heaviside
formulations. Results show that, despite variations in the enrichment terms, the computed nodal
displacements and overall structural responses are identical across all cases. This confirms that the numerical
solution is invariant with respect to the specific form of the Heaviside function used. The findings support
the robustness of XFEM and offer practical flexibility for implementation in discontinuity modeling without

compromising numerical reliability.

1. Introduction

The Heaviside function is one of the fundamental enrichment
functions employed in the extended finite element method (XFEM) to
model strong discontinuities, such as cracks, interfaces, and material
separations. In XFEM, the standard finite element approximation is
enriched by discontinuous functions to capture jumps in the
displacement field without modifying the mesh. This approach has
significantly improved the numerical simulation of fracture and
discontinuity problems, offering advantages in accuracy and
computational efficiency [1-4].

Since the introduction of XFEM by Moés et al. [5], the Heaviside
function has been widely used to model open cracks and displacement
discontinuities. It has become a standard tool in linear elastic fracture
mechanics [6-7], cohesive zone models [8], and crack growth
simulations in two and three dimensions [9-10]. However, despite its
popularity, the Heaviside function does not have a universally accepted
definition. Various formulations exist in the literature, which differ in
how values are assigned to the two sides of a discontinuity.

Three main forms of the Heaviside function are commonly
encountered: The symmetric form, H(x) = —1 forx < x,and Hx) = +1
for x > x,, has been adopted in classical works such as Zhao, et al. [11].
The shifted form, H(x) = 0 for x < x. and H(x) = +1 for x > x,, is often
used for numerical convenience, appearing in studies by Hansbo and
Hansbo [12], Wu [13], and Lang et al. [14,15], as well as in Dolbow and
Devan [16]. The reversed form, H(x) = +1 for x < x, and H(x) = —1
for x > x,, appears in works following alternative sign conventions, such
as Moés et al. [5], Sukumar et al. [17], and Jiang et al. [18].

Although all three forms are mathematically valid, they may
influence the structure of the enriched shape functions and,
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consequently, the stiffness matrix and numerical solution. Yet, only
limited efforts have been made to systematically evaluate whether these
differences affect the computed structural response. Most studies adopt
one form and assume that the numerical results are independent of the
specific definition, without rigorous verification.

This paper addresses this gap by investigating the influence of
different Heaviside function forms on XFEM solutions through a one-
dimensional benchmark problem. By comparing displacement fields and
enriched degrees of freedom across the three definitions under identical
conditions, the study aims to clarify whether the XFEM formulation
exhibits solution invariance. The findings contribute to a deeper
understanding of XFEM enrichment and offer practical guidelines for its

implementation in discontinuity problems.

2. Basic theory of enriched functions

In the extended finite element method (XFEM), the displacement
field is enhanced through enrichment functions to represent
discontinuities without modifying the mesh. For problems involving
strong discontinuities such as open cracks, the standard displacement
approximation is enriched with a Heaviside function to allow for
discontinuous jumps across the crack. In this section, we calculate the
displacement at each node of the bar for the previously defined cases,
and then compare the results to evaluate any differences.

Steps to compute the nodal displacements:

® Define the stiffness matrix for each element;

® Assemble the local stiffness matrices into a global stiffness matrix;

® Use the main XFEM equation [5] to find the nodal
displacements u:

Ku=F (1)

JOMC |156



Journal of Materials and Construction Vol 15 No.01 (2025)

Kuu Kua]
2
Keu Kadl
K, represents stiffness matrix of the standard (non-enriched)

Where K = [

element:
Kiw = [,(B4)"DBY g dx (3)
K., or K,, represent coupling matrices between standard and
enriched degrees of freedom:
Ky = [,(BY) DBy dx, Koy = [)(B&,) DBY dx (4)
K, represents stiffness matrix of the enriched element:
Koo = [,(B%) DB, dx (5)

3. Examples and discussions

Consider a model as Figure 1, a one-dimensional bar subjected to
axial tension, with a discontinuity located between two interior nodes.
The domain is discretized into three equal-length finite elements, each
of length L, resulting in four nodes x; to x,. The bar is fixed at the left
end and subjected to a prescribed displacement @ at the right end. A
displacement discontinuity is introduced between nodes x, and x,
representing a crack or interface where enriched degrees of freedom are
applied. This simplified model serves as a benchmark problem for
assessing the influence of different Heaviside function forms on the
XFEM solution.
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Figure 1. The one-dimensional model with

discontinuity under axial tension.
3.1. Symmetric Heaviside function H(x) = {—1, +1}

In this case, the Heaviside function is defined as follows:

H={1 Y30 ©

Figure 2 depicts the enriched finite element model using the
symmetric Heaviside function, defined such that H(x) = —1 for x < x,
and H(x) = +1 for x > x.. The discontinuity is introduced at the
midpoint of element 2, between nodes 2 and 3. Nodal displacements are
denoted as u, to u,. Enriched degrees of freedom a; and a, are applied
at nodes 2 and 3, respectively, corresponding to the Heaviside values
H(x,) = —1 and H(x;) = +1. On the right-hand side, the enriched
shape functions N;(x)H(x) and N,(x)H(x) are shown, exhibiting a sign
change across the discontinuity. This symmetric form introduces an

antisymmetric enrichment around the crack.

N (x)H (x)

+ ; ’

—_—
a,H(x))

Q, gi)X H u-z;!(\l "
1 o : y

Figure 2. Enriched finite element model of a 1D with a displacement

discontinuity represented by H(x) = —1 and H(x) = +1.

The stiffness of element 1: we add the Heaviside function at node
2 with H(x) = —1.
N, (x) N, (x)

1 2

Figure 3. Shape functions for nodes 1 and 2 of element 1.

For 1D linear element we have shape function at node 1 and 2 as

the following

N 1-2
X) = - =
1(0) 1
X
N,(x) =7 (7)
_ipu a 1 [Ni® 9N2@x) HN)] _[_1 1 _1
Bl - [Bstd Benr - [ ax ax ax ] - [ L L L] (8)
AHN;(x) _ paae) _ ) 1 o1 1
Where ——2==H=—==H-_LC=H,=-1;=—-1 (9
;1 u,  u, q
L T 1L 11 o1 st 1 1M
Ky=[y(B) EABydx=EAL|} |[-1 1 -3|=%|-1 1 -1|w (0
X 1 -1 1la
[~

The stiffness of element 2:

N (x)H (x)

N, N.(x)
7 O Q3

Figure 4. Shape functions for nodes 2 and 3 of element 2.

At element 2 it has a crack at the middle so the length of the
element 2 discontinuity, therefore we must divide by 2 parts to calculate
the stiffness matrix of this element. The left-hand side of the crack add
the Heaviside function at node 2 H(x) = —1 and the right-hand side of
node 3 H(x) = +1.

The stiffness of element 2 is calculated as the following K, = K; + K5

_ ONy(x) ONp(x) O9(HNi(x)) 9(HNz(x))
B; = [Bsa  Ben] = [ alx azx 6915 a;zc ] =
1 1 1 1
-1 - an
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[—] u, =i (20)
L2 r |l ! 9 le “ L - Using governing equation K;;u; = F; and boundary condition, we
- = - “dx = Loz 11 A
K; _fo (By) EABydx = EAL 1 [L L Ll can write as
lL 1J 2 -1 -1 07[% 0 Uy = /2
s -1 2 0 1[||usl_t|u u; =1/2
05 —-05 —-05 057 u -1 0 2 —1llai] T Ealo = a, =1u/2 (€0
£4]=05 05 05 —05|us 12) 0 1 -1 2lla @ a, =1/2
L[-05 05 05 -05|m A L L
pplying interpolation in XFEM
05 -05 —-05 051]a;
u(x) = Njy; + HN;a;
+ - [BY Ba _ [BNl(x) ANy(x)  A(HNy(x)) B(HNz(x))] _ [_l 11 l] (13) Ni = Nsléd
- [ std enr] - ox ox ox 1 ox - L L L L HN] = Neanr (22)
T We can get the true displacement at each node as
1
T - | u(x)=u; =0
5= [/%BY) EABjdx=EAL' |2 1 -1 ]= Vo ) a
° - L Lok u(x;) = u, + H(xy)a; = 5t (G (5) =0
1 u u
u, u, a  a, [Z J u(xz) = uz + H(xz)a; ==+ (+1) (_) =1
05 =05 05 -—05]u - 2 2
-05 05 -05 05 |us a4 u(x) =u (23)
05 -05 05 -05[(a This result matches the exact solution: u;(x;) = 0,u,(x;) =
-05 05 =05 05]a 0,uz(x3) =W, uqs(xy) =14
u, u, a a
1 -1 0 0]% ) . )
KK Ko 1 1 0 0 |u, 15) 3.2. Shifted Heaviside function H(x) = {0, +1}
2Tl 01 —1m
0 0 -1 11a

In this case, the Heaviside function is defined such that the value

is zero on the left-hand side of the discontinuity and one on the right-
The stiffness of element 3: we add the Heaviside function at node 3 zer € € v ne

with HOO = +1. hand side, as follows:

0, x<0

N, (x) N, (x) Hw={;] 7S @

Figure 6 illustrates the enriched finite element model for the case

where the shifted Heaviside function is used, defined as H(x) = 0 for x
3 4 < x. and Hx) = +1 for x > x.. The displacement discontinuity is
located between nodes 2 and 3, where enriched degrees of freedom a;

Figure 5. Shape functions for nodes 3 and 4 of element 3. . . . . .
and a, are introduced. Since H(x,) = 0, no enrichment is applied at

_ g pa g [0 oMe dmm@)] [ 1 1 1 node 2, while H(x;) = +1 activates the enrichment at node 3. The right
B3 _[ std enrl — ax - L L L (16)

ox ox side of the figure shows the enriched shape functions N;(x)H(x) and N,
. u, u, a, (x¥)H(x), which exhibit a displacement jump across the interface. This
LT L Lo el 1 1] formulation allows the discontinuity to be captured asymmetrically,
Ks=[}(By) EABydx=FEaL|7|[-1 1 7| =2|-1 1 -1|w. (1) L . i .
b 1 21 1la making it suitable for modeling problems with unidirectional
L o displacement jumps.
Now we assemble for global matrix K in this case
u, ou, u, u, a a,
0 N (x)H (x)
[ 1 -1 0 0 1 0 ]u1 X ;
-1 2 -1 0 -1 0 |% . = !
_ _Em|0 -1 2 -1 0 1|u |
K=K, +K,+Ks== 0 0 -1 1 0 —1lua (18) o 1 3,11_(2,)0 N :ﬁjx;_} s Y L Nl
1 -1 0 0 2 —1{a = —8 . < 5 ; +
o 0 1 -1 -1 2la X Q u, 9, T4 Q X4
This is control displacement problem so we have
fi ) 0 Figure 6. Enriched finite element model of a 1D with a displacement
; 2 8 discontinuity represented by H(x) = 0 and H(x) = +1.
- 3| _
P} =0 f4 - 0 (19)
l al) 0 The stiffness of element 1: we add the Heaviside function at node
w0 2 with H(x) = 0.

According to boundary condition in Figure 1, we have
u =
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N, (x) Ny (x)

1 2

Figure 7. Shape functions for nodes 1 and 2 of element 1.

ONy(x) ONa(x) 0(HN2(x)) 1
31 = [B?td B?nr = [ le {:x B)Zc ] = [_Z

z o] (25)

-1
L T T 11 A 1 -1 01w
K, = [}(B) EABydx=EAL|1|[-7 7 0]=Z[-1 1 o|w(6)
o 0 0 ola

The stiffness of element 2: at node 2 with H(x) = 0 and at node
3 with H(x) = 1.

N ()i (x)

N ()l (x)

Figure 8. Shape functions for nodes 2 and 3 of element 2.

At element 2 it has a crack at the middle so the length of the
element 2 discontinuity, therefore we must divide by 2 parts to calculate
the stiffness matrix of this element. The left-hand side of the crack add
the Heaviside function at node 2 H(x) = 0 and the right-hand side of
node 3 H(x) = +1.

The stiffness of element 2 is calculated as the following K, = K5 + K

B = (Bl Bly]=[Ta 2 LGN SWRW)_[_2 2 0 o] (27)
-1
S
1 —
K; = [,"(B;) EAB;dx=EaL|; |[T 7 0 0]=
u, I/l3 a a, 8
05 —05 0 0]
EA|—-0,5 05 0 0|U
t| o 0 0 o|lam (28)
0 0 0 ola
B;Z[B?m Bgnr :[al\:"l:x) aI\Z—;EX) 5(1'1;\/;(3()) a(Hg’;(XD]:
1 1 1 1
[ -1 (29)
o
1
T - —
K3 = [;*(BY) EABjax=FaAL|* |[7 1 -1 7|=
L
u, u, a a, L j
- N L
05 —05 05 —05]u
eal—-05 05 =05 05 [|uU
©]05 -05 05 -05|a (30)
-05 05 —05 05]a

uz u3 al a.l
1 -1 05 -05]u
e _eal| —1 1 -05 05 |u
K=K +K:=Tlos —o5 1 -1|a Gh

-0,5 05 -1 1 1a;

The stiffness of element 3: we add the Heaviside function at node
3 with H(x) = +1.

N, (x) N,(x)

3 4

Figure 9. Shape functions for nodes 3 and 4 of element 3.

u,  u, a
dN. ON. A(HN. ) 1 1 1
e = R R e
—1 u, u, a,
L T i 101 1 EA 1 -1 11
Ks=[/(By) EABydx=FEaL|7|[-1 1 7|=%[-1 1 -1|us (33)
1 1 -1 11a
L
Now we assemble for global matrix K in this case
u, u, u, u, a a,
1 -1 0 0 0 0 1w
-1 2 -1 0 0,5 —=0,5(uz
Eal O -1 2 -1 -05 15 (u
K=K +K+K:s="|, o 5 1 o 2 uz (34
0 05 =05 0 0,5 —=05|as

0 -05 15 -1 =05 151a;
This is control displacement problem so we have

fi 0
fa 0
F=0e E =0t G
| f al 0
VAV
According to boundary condition in Figure 1, we have

u; =0

u, =u (36)

Using governing equation K;;u; = F; and boundary condition, we
can write as

2 -1 05 —0,5][U2 0 u, = —2,22 x 10714

-1 2 -0,5 1,5 ||us| _ L|u u; = —8,88 x 1074

05 -05 05 —05||ai| zalo|” a = (37)
-05 15 —-05 15 [[a, i a, =1

Applying interpolation in XFEM
u(x) = Nju; + HN;a;
N; = Ngig
HN; = N, (38)
We can get the true displacement at each node as
ulx)=u; =0
u(x,) = u, + H(xp)a; = —2.22 x 1074 + (0) (@) = —2.22 X 107 % =~ 0
u(x;) = uz + H(xz)a; = —8.88 x 107 %0 + (+ua ~ @
u(x,) =u (39)
This result matches the exact solutiou, (x;) = 0,u,(x;) =
0,u3(x3) = U, uy(xy) =
Compare the result between case 1 and case 2 as follows
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Case 1
u u, +1 U3 U4
- o 12 - 3
—_ —_—
1 @ a;H(x,) aH (x3) % 4
-1
u, =
u, =u/2
u; =1u/2
U, =1u
a, =1u/2

u(x))=u; =0

u(e) =2+ (-1 ()

u(e) =2+ +1 ()

ulxy) =1u

0

a, =u/2 =

u

Comments: By comparing the results of Case 1 and Case 2, it is
clear that although the enriched degrees of freedom and intermediate
expressions differ, the final computed nodal displacements at all points
are numerically identical. In Case 1, the symmetric Heaviside function
leads to enriched coefficients a, = a, = i /2, while in Case 2, the shifted
form results in a;= a, = 1, yet both yield the same physical
displacements at nodes x;, X,, X3, and x,. This consistency confirms that
the choice of Heaviside function form-whether symmetric or shifted—
does not affect the overall displacement solution in XFEM for this
benchmark problem. Therefore, the formulation exhibits solution
invariance, and either form can be reliably used to model displacement

discontinuities.
3.3. Reversed Heaviside function H(x) = {+1, —1}

In this case, the Heaviside function is defined such that it takes a
positive value on the left-hand side of the discontinuity and a negative
value on the right-hand side. This reversed definition is expressed

mathematically as follows:
_(+1, x<0
HE = {—1, x>0

Figure 10 illustrates a one-dimensional finite element model

(40)

enriched with a Heaviside function to represent a displacement
discontinuity. The domain is divided into three elements, with a crack
or interface located between nodes 2 and 3. Nodal displacements are
denoted by u; to u,. Enriched degrees of freedom a, and a, are
introduced at nodes 2 and 3 through the functions H(x,) and H(xs),
respectively. The right side of the figure shows the shape functions N,
()H(x) and N,(x)H(x), which are discontinuous across the interface,
demonstrating the effect of the Heaviside function where H(x) = +1
on the left and H(x) = —1 on the right.

The stiffness of element 1: we add the Heaviside function at node
2 with H(x) = +1.

The stiffness of element 2: at node 2 with H(x) = +1 and at node
3 with H(x) = —1.

Case 2
+1
Uy a;H (x,) a,H (x Uy
1 2) 2 JH (x3) 3
[ W @ @
X Q, u, Q, Q; Xy
u =0
w, = —2,22 X 107163
u; = —8,88 x 107161
U, =1u
a, =1u
u(x) =u; =0
i {u(xz) =222 x 107164 + (0)(@) ~ 0
2= u(x;) = —8,88 x 1077 4+ (+ Dt ~ @
u(xy) =1u
N (x)H(x)
0 +l
| . L :
—_—t i
-l e 0 5 e Vot
;u.I_I(’xq - aH (x5) . '.ﬁ|
-1 i : .

Figure 10. Enriched finite element model of a 1D with a displacement

discontinuity represented by H(x) = +1 and H(x) = —1.
N, (x) N,y (x)
1 2

Figure 11. Shape functions for nodes 1 and 2 of element 1.

ON1(x)  ONy( A(HN(x)) 101 1
B, = [B5a Beur =[ L o) 2X)]=[—z n Z] (41

ox ax ax

= u, u, aq
L T [il 101 1 EA 1 -1 -11%
K, = [}(B,) EABydx=FAL|Z|[-1 7 3]=%]|-1 1 1 |w@42)
lEJ -1 1 1la
L

N (0 H ()

+| ?
- e J —

N (x)H(x)

Figure 12. Shape functions for nodes 2 and 3 of element 2.

2 Q Q3

At element 2 it has a crack at the middle so the length of the
element 2 discontinuity, therefore we must divide by 2 parts to calculate
the stiffness matrix of this element. The left-hand side of the crack add
the Heaviside function at node 2 H(x) = +1 and the right-hand side of
node 3 H(x) = —1.

The stiffness of element 2 is calculated as the following K, = K; + K
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B%,] = ONi(x)  ONa(x) A(HNi(x))

- _ [B&
BZ - [Bstd ax ax dax

e A LG

7|

[

T

L
K; = fz(B;) EAB;dx = EAL
0

I~

1

u u a a,

[—11—11]_
L L L L

==

L
05 —05 —05 057U
5a|—05 05 05 —05|u
|05 -05 —-05 05 |a “44)
-05 05 05 -05/a,

ON. N, A(HN. A(HN. ) 1
B = [BY, BA,]=[MM) M@ oMy 6;@)]:[_2

ax ax ax

-
'[

A GO

L
: Tl-1 11 -1
K+:f BY) EaBidx —Ear|l |[Z2 1 1 Z1)_
2 = |, (82) EAB: [N | A
L
1
L
uz u? al a2
05 —-05 05 —05]u
eal—-05 05 —-05 105 |u
Tl-05 05 -05 05 |a ‘0
05 -05 05 -05]a
uZ u] al a]
17 -1 0 07%
— u
oy ) e U S Lo

L 10 0 -1 1|a
0 0 1 —-1la;
The stiffness of element 3: we add the Heaviside function at node

3 with H(x) = —1.

N, (x) N, (x)

3 4

Figure 13. Shape functions for nodes 3 and 4 of element 3.

Case 1
u, ' u, 1 5 us ; Uy
— —
: — Q, —.’ Q, *
! ! a,H(xy) © ayH (x5) 4
-1
u =0
u, =1u/2
u; =1/2
U, =1u
a, =u/2
(ulx) =u; =0
u() =2+ (0 (5) =0
a, =u/2=> .

u(x;) = §+ +1) (g) =1

u(xy) =1

e
r_l] u, u, a,
L T i 11 1 EA 1 -1 -1
K; = [[(Bs) EABsdx = EAL|; [—; n ;]=T[—1 1 1]u4 (49)
1 -1 1 11a;

L
Now we assemble for global matrix K in this case
u, u, u, u, a a
rt -1 0 0 -1 07w
-1 2 -1 0 1 0 ]

el 0 -1 2 -1 0 -1|u
K=Ki+K +K;=" "5 5 7 1|uz (50)
-1 1 0 0 2 -1la
Lo 0 -1 1 -1 21a

This is control displacement problem so we have

fi 0

f2 0

_ fzl_Jo
F=0& AR (51)

falJ )
faz 0
According to boundary condition in Figure 1, we have
u, =0
U, =1 (52)
Using governing equation K;;u; = F; and boundary condition, we
can write as

2 -1 1 01][% 0 u; =u/2
-1 2 0 -1||us|_si|a Uy =112
1 0 2 —l|la|TE@|o|7)a=-az
0 -1 -1 2]la —-a a, = —ii/2

Applying interpolation in XFEM
u(x) = Njw; + HN;a;
N; = Ngig
HN; = N&,  (54)
We can get the true displacement at each node as
u(x;)) =u; =0
u() = + Hog)ay =5 + (+1 (=5) =0
u(w) = us + Hea; =5 + (- (=5) =@
(55)
This result matches the exact solution:
Uy (%) = 0,up(x2) = 0,us(x3) = U us(xy) =0
Compare the result between case 1 and case 3 as follow

u(x,) =1u

Case 3
0 X
|—.
+1
u; u, usy uy
—_— 1 — D — 3 —_—
0 —.I Q, — Q, -
- aH(x,) SaH(xy) T
-1
u =0
u, =u/2
u; =1u/2
U, =1u
a, = —1u/2
u(x) =u; =0
u u
u(xz) = E+ (+1) (— E) =0
a, =-u/2= i i
|u(x3) = E+ (—1) (—E) =1u

ku (xy) =1
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Comments: In the comparison between Case 1 and Case 3,
although the enriched degrees of freedom a, and a, differ in sign, the
actual displacements at the nodes remain unchanged. This confirms that
the numerical solution is invariant with respect to the sign of the
enrichment terms. Across all three cases, the numerical results-
particularly the nodal displacements-are consistent. This indicates that
the solution of the discontinuity problem is independent of the specific

form or sign of the Heaviside function used in the enrichment process.

4. Conclusions

This study examined the influence of different Heaviside function
forms on numerical results in discontinuity problems, focusing on
structural cases involving cracks and material separations. Through
comparative analysis of various formulations, it was demonstrated that
the choice of Heaviside function does not affect key results such as
displacement fields or overall structural response. Although differences
in enriched degrees of freedom-particularly in sign-were observed,
these did not alter the final physical results.

The results confirm that the numerical implementation is robust
and that standard Heaviside functions can be used interchangeably
without compromising accuracy or reliability. This provides practical
flexibility in selecting enrichment functions and supports the
simplification of computational procedures in discontinuity modeling.
Ultimately, the results contribute to improving the efficiency of
numerical strategies while maintaining confidence in the consistency of

structural analysis results.
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