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Tom tit

Trong nhing nam gan day, he thu thap ndng luong phi tuyén sir dung dam dan hoi c6 dan vat liéu ap dién va hai nam cham dugc dit
gan dau ty do cta dam rdt duoc quan tdm nghién ctu. Phuong phap phé bién nhat dé€ mo hinh hoa hé théng nay 1a roi rac hoa dam
dan hoéi theo khong gian véi mot ham dang va gid st luc dan héi do tir truomg gay ra 6 dang da thic bac ba. Hai nam cham duoc dinh
vi sao cho hé ton tai hai vi tri can bang 6n dinh va mot vi tri can bang khong 6n dinh. Phuong phdp mo hinh héa nay dan dén mot
phuong trinh Duffing voi hé s6 dan hdi tuyén tinh am va hé s¢ dan hoi bac ba duong. Mic di mo hinh nay c6 thé mé ta dugc tinh chat
luong cuc 6n dinh néu trén, tinh day du cua cac gia thuyét chua dugc kiém ching ky luong. Bai bao nay trinh bay két qua cua cac
nghién ctu thuc nghiém vé tinh day du caa phuong trinh Duffing mo ta hé co hoc gdm dam dan hdi va nam cham, trong d6 dam khong
mang vat liéu ap dién voi muc dich don gidn héa qua trinh tinh toan. Do d6, mot mo hinh da dugc phat trién dé xac dinh luc dan hoi
bac ba cua hé. Két qua tinh toan ly thuyét vé dap ting dong luc hoc ctia mo hinh Duffing véi cac kich dong diéu hoa duoc so sanh voi
thuc nghiém. Cac két qua noi chung rat phu hop, tuy nhién mo hinh con han ché nhu cac nghiém ctia mo hinh dich dén tan s6 cao
hon so véi thuc nghiém.

Tu khéa: dong luc hoc phi tuyén, thu thap nang luong, dam c6 hai vi tri can bang, phuong trinh Duffing, luc dan hoi bac ba.

Abstract

In recent years, a nonlinear energy harvesting system using piezo cantilever beam with two magnets placed near the free end of the
beam is of great research interest. The most common method for modeling this system is to discretize spatially the beam with only one
ansatz function and to assume a cubic elastic force caused by the magnetic field. The magnets are positioned so that the system exists
two stable equilibrium positions and an unstable one. This modeling method resulted in a Duffing equation with a negative linear elastic
term and a positive cubic restoring term. Although this model can describe the above bistablity, its sufficiency of the assumptions has
not been thoroughly verified. This paper presents the experimental results on the sufficiency of the Duffing equation describing a
mechanical system consisting of elastic beams and magnets, without piezos for the purpose of simplification. Therefore, a model was
developed to determine the cubic restoring force of the system. The theoretical results on the dynamic response of the Duffing model
with the harmonic excitations were compared with the experiments. The results are generally in good agreement, but limitations of the
model are still observed, as the solutions of the model shift to higher frequencies compared to the experiments.

Keywords: nonlinear dynamics, energy harvesting, bistable beam, Duffing equation, cubic restoring force.

1. Giéi thiéu chung lugng nay la dng xtr phi tuyén do cac nam cham dugc dit gan

Heé thu thap ndng lugng néi chung duoc str dung dé thu hoi cac
phan ning luong nhé tr moi truong ma thong thuong a ning
luong mat mat. Trong do, cac hé thu thap niang lugng dao dong
nhan dao dong tr moi truong dé tao ra nang luong dién [1, 2].
Mot phuong phéap phd bién dé bién déi nang luong co hoc thanh
nang lugng dién la s&r dung gom ap dién dan trén két cau chiu
bién dang. Da c6 nhiéu cong trinh nghién ctu vé tng x{r cling
nhu cac phuong phap nang cao hiéu sudt cia hé dao dong do
[3, 4]. Trong [5], do ban chét ngau nhién hodc c6 ddi tan s6 rong
clia cac dao dong trong thuc t€, cac phuong phép tinh toan da
dugc dua ra khéac biét so voi truong hop kich dong don tan cua
hé tuyén tinh cho trudc [6]. Trong hinh 1 1a m6 hinh hé thu thap
nang luong phi tuyén st dung gém ap dién, bao géom khung dao
dong va mot dam sdt tir chju udn trén do co gan tdm &p dien.
Nhu vay, dam dugc ngam trén két cdu chuyén dong dong vai
tro kich dong dong hoc cua hé. Dac trung cta hé thu thap nang
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dau ty do caa dam. Hinh 2 biéu dién lyc dan hoi phi tuyén véi
ba vi tri can bdng ung véi gia tri luc triét tiéu, trong do chi co
hai vi tri can bang ung voi chuyén vi khac khong cda dau dam
ty do 1a 6n dinh. Nho tinh chat phi tuyén, hé hoat dong hiéu
qué hon so voi hé tuyén tinh tuong tng khi kich dong da tan
phan b6 xung quanh tan s6 co ban cda hé va khi hé dao dong
quanh hai vi tri can bang 6n dinh [7].

bién tro
Gom ap dien
\\ Dam st tir

Kich dong
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Hinh 1. Hé thu thap nang lugng dao dong.
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Hinh 2. Luc dan hdi phi tuyén véi hai vi tri can bang én dinh
va mot vi tri can bang khong én dinh.

Dé mo hinh héa hé thu thap ning luong nay, ta xét hé thanh
ba bo phan gom dam chiu uén, luc dan héi do tir truong gay ra
bodi nam cham va phan dién gobm gém ap dién va mach dien. Dé
don gidn hoa khi tap trung khao sét luc dan héi phi tuyén ctia nam
cham, chi xét he khong c6 phan dien. Bo phan chinh cta hé co
hoc 1a ddm dan héi duoc xem |a dam Euler-Bernoulli. DAm duoc
roi rac hoa str dung dang riéng dau tién khi khong c6 nam cham,
tr d6 co thé mo ta ting xtr dong luc hoc cua hé bang mot phuong
trinh vi phan thuong bac hai [7]. Viéc s&r dung dang riéng tuyén
tinh dau tien cta dam la da dé mo hinh hoa hé trong hau hét cac
truong hop, dang riéng thit hai tham gia rdt it vao dao dong trong
truong hop dap ung siéu diéu hoa [8]. Tac dung cda cac nam
cham c¢6 thé coi nhu lyc tap trung dat tai dau tu do cda dam va
duoc gia thiét c6 dang da thac bac ba khong chia s6 hang bac
hai. Mo hinh nay c6 thé mo ta tinh chat luong cuc 6n dinh nho
phuong trinh Duffing v6i luc dan hdi tuyén tinh am va lyc dan hdi
bac ba duong. Mot s6 bién thé cta hé voi cach dit nam cham
khéac hodc hiéu tng phi tuyén khac cting déu dan dén phuong
trinh Duffing. Cac tham s6 ctia mo6 hinh dugc xac dinh tir thuc
nghiém hodc dua vao cac gid thiét. Vi tri can bang 6n dinh cua
hé va tan s6 dao dong rieng quanh vj tri d6 can duoc xac dinh.
Phuong phap khac dé mo hinh hoa hé 1a mé phéng tac dung cua
tr truong tuyén tinh. Tuy nhién, phuong phap nay chi c6 két qua
t6t khi dam dao dong bé quanh vj tri can bang én dinh. Trong bai
bao nay, ting x& binh 6n cda hé véi cac kich dong diéu hoa khac
nhau sé& duoc nghién ctu va so sanh voi két qud thuc nghiém.

2. M0 hinh héa hé co hoc
Dam dan hoi trong hé co hoc tng voi hé thu thap nang luong
c6 thé duoc mo hinh héa 1a dam Euler-Bernoulli dao dong uon
khi chiu kich dong dong hoc. Chuyén vi wcia dam dugc mo ta
b&i phuong trinh vi phan dao ham riéng phu thudc toa do trén
dam x va thoi gian ¢ Thuc hién roi rac héa dam sir dung dang
nghiém Ritz

W D=W(p(®) M)

Trong do, Wa dang riéng dau tién cdia dam tuyén tinh, x €
(0,L) la toa do xac dinh vi tri trén dam, £ la chiéu dai dam va p
la toa do suy rong phu thuoc thoi gian. Chon gia tri W = 1 tai x =

L,khi d6 p biéu dién dao dong cta dau ty do cta dam wAL, d. Tu
do, ta c6 phuong trinh vi phan chuyén dong cta hé
B0 +2Dwp(0)-ap()+Bp? (D=gZ, (1) (2)
Phuong trinh (2) biéu dién dao dong cta chan t&r Duffing
chiu kich dong dong hoc, trong do6 heé s6 g duoc xac dinh boi
_ Ja WEdx
T wWAodx
va kich dong dong hoc la kich dong diéu hoa voi bien do
khong d6i z,(t) = Acos 2t. D€ c6 luc dan hdi phi tuyén dudi
dang —ap(t) + Bp3(t), luc tir duoc gia thiét 1a lyc tap trung tac
dung tai dau tu do ctia dam va c6 dang da thic bac ba. Hé s6 can
tuyén tinh D cang dugc dua vao phuong trinh. Khi cac hé s¢
a, B > 0, ton tai hai vj tri can bang 6n dinh ndm vé hai phia cta
vi tri ddm chua bién dang.

P i @

Tan s6 dao dong tu do ing v6i dao dong nhéd xung quanh
mdi vi tri can bang c6 thé dugc xéac dinh nho phuong phap tuyén
tinh hoa

(3)

w=v2a (5)

Cac tham s6 ctia mo hinh c6 thé xac dinh tir thuc nghiém.
Tan s6 dao dong tu do w va hé s6 can D duoc xéc dinh tir dao
dong tu do ctia dam quanh méi vj tri can bang dudi tac dung cta
tir truong nam cham. Céac hé s6 g,a,B dugc xac dinh tir phuong
trinh (3), (4) va (5).

Thuc hién thi nghiem voi dam thép cong xon
250x 20 x T mm va hai nam cham vinh ctru 20 x 10 x 5 mm c6 tir
du bao hoa B, =1,35T thu duoc cac tham s6 cta hé co hoc nhu
trong Bang 1. Su khéic biét gitta cic gia tri tham s6 tng véi mdi vi
tri can bang n dinh la khong thé tranh khai do luon c6 su khong
doi xdng khi thiét 1ap thi nghiém. Do do, ta str dung gia tri trung
binh cuta céac tham s6 w va D khi dua vao phuong trinh (2). Cac
tham s6 ciia mo hinh cho trong Bang 2.

Béng 1. Tham s6 cuta hé co hoc.
Tham s6 I.(y Gia ti Dc?rn
hiéu vi

Tan s6 rieng ctia dam (khong

j < o 2m.13,4 5!
c6 nam cham)

Vi tri can bang 6n dinh W1 9 +6,97 mm

Tan s6 dao dong tu do Gng voi

d do hé h X i tri ® 2“.14,9 1
ao dong nho quanh mdi vi tri 12 2146 S

can bdng 6n dinh

Hé s& can dng voi dao dong
nho quanh mai vi tri can bang Di
6n dinh

0,013
0,019

Béng 2. Tham s6 ctia mo6 hinh.

Tham s6 w(is™ | D a(s™?) | B(s™2) | gm™2)
L 88 ~
Gia tri 92,7 0,016 | 4275,6 % 107 1,57

Dé so sanh két qua thuc nghiém voi mo hinh Duffing cho
boi phuong trinh (2), hé co hoc tng véi hé thu thap nang lugng
duoc kich dong dong hoc véi tan s6 khac nhau. Hinh 3 biéu dién
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quy dao pha cuta nghiém, tic 1a quan hé gitra van t6c va chuyén
vi tai dau tu do cta dam. Do hé c¢o tinh chat phi tuyén nén dao
dong cua hé phu thuoc diéu kien dau, nghia la véi cung kich dong
6 thé xudt hién cac nghiém khac nhau. D€ phan biét cac dang
nghiém, xét cac diém dao chiéu chuyén dong cua dau dam trong
mién thoi gian, 1a cac diém duoc danh ddu trong Hinh 3. Khi van
t6c déi ddu, dam bt dau dao chiéu chuyén dong. Néu tat ca cac
diém ddao chiéu ung voi chuyén vi cing ddu, dam dao dong nhé
quanh vj tri can bang 6n dinh. Truong hop gia tri chuyén vi ing
voi céc diém dao chiéu déi dau theo chu ky htu han, ddm dao
dong bao tram hai vi tri can bang 6n dinh. Néu ton tai qua nhiéu
diém dao chiéu ing voi ddu duong va am, dam dao dong hén
loan.
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Hinh 3. Quy dao pha cta hé chiju kich dong diéu hoa voéi bién
do A = 3,81 m/s? va cac tan s& khac nhau (a) 7 Hz; (b) 8,5 Hz;
(c) 14 Hz; (d)17 Hz.
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Su xudt hién cua cac dang nghiém con c6 thé duoc biéu
dién tren dd thi dap tng tan s6 nhu trong Hinh 4. Trong do, tat ca
céc diém ddo chiéu tuong tng voi cac nghiém dao dong ton tai
dong thoi khi he chiu kich dong diéu hoa véi caing bién do nhung
& céc tan s6 khac nhau. Trong mot s6 dai tan s6 tdn tai dong thoi
nhiéu dang nghiém, nhung cting c6 dai tan s6 chi ton tai duy nhat
mot dang nghiém. Can luu y rdng, cac diéu kien dau & moi thi
nghiém la khong thé kiém soét. Do do, thi nghiém phai duoc thuc
hieén voi nhiéu diéu kién dau khac nhau lam ting kha ning xuat
hien nhiéu dang nghiém, dé c6 thé so sanh két qua thuc nghiém
voi két qua tinh toan s6 mo hinh Duffing.

So sanh cac két qua trong Hinh 4 ta thay c6 su tuong dong
gitra thuc nghiém va mo phong s6. Dai tan s6 dang xét duoc chia
lam ba mién phan biét: mién thi nhat ing véi tan s6 thdp ton tai
dong thoi dao dong nho va dao dong bao trim, mién thi hai chi
ton tai duy nhat dao dong bao trim, va mién thi ba ton tai dong
thoi dao dong nhé, dao dong bao trim va cé thé ca dao dong hon
loan. Su khac biét gitra két qua thuc nghiém va mo phéng s6 la
céc mién do dich vé phia tan s6 cao. Nhu vay, mién duoc quan
tam nhdt 1a mién tan s6 thdp vi kha nang thu thap nang luong t6t
khi dam dao dong bao trum voéi bien do lon. Mot diém khac nira
do 1a dao dong bao tram 6 thé thuc hién & tat ca cac tan s6 khi
mo phéng nhung rat kho dat duoc trong thi nghiém do sur sai khac
vé dac tinh kich dong.
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Hinh 4. Cac diém dao chiéu tng véi cac nghiém dao dong ton
tai dong thoi khi hé chiu kich dong diéu hoa véi bien do A=3,81
m/s? va cac tan s6 khac nhau thu duoc tir thyc nghiem (tréi) va
mo phong s6 (phai).
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3. Kétluan

Mo hinh thu thap ning lugng st dung dam mot dau ngam c6 hai
vi tri can bdng da duoc quan tam nghién ctu nhiéu. Thong
thuong, luc dan hoi cta hé thu thap nang luong dugc gia thiét co
dang bac ba. Khi d6 dan dén phuong trinh Duffing mo ta tinh
luong cuc 6n dinh. Cac tham s6 cia mo hinh sé duoc xac dinh tir
thuc nghiem. Trong bai bdo nay, su phu hop cla gia thiét vé luc
dan hoi bac ba phu thuoc dao dong cia dau dam duoc kiém
ching. Cac két qua thi nghiém xac dinh dap dng cuaa hé vai kich
dong dong hoc diéu hoa khic nhau duoc so sanh vai két qua tich
phan s6 mo hinh Duffing tuong tng. Dé giai quyét van dé kho
kiém soat diéu kien dau trong thi nghiém, cac thi nghiém va tinh
todn s6 voi nhiéu didu kién dau khac nhau duoc thuc hién dé
nang cao kha ning xuat hién cac dang nghiém. M3c du khong thé
khang dinh c6 thé tim thdy t&t ca cac nghiém, cac nghiém tim
dugc trong thi nghiém va mé phéng kha phu hop va cé dac diém
chung. Két qua cho thdy mo hinh tinh toan c6 thé mo ta cac tinh
chét thu duoc tir thuc nghiém. Tuy nhién, trong két qua tinh toan
van c6 su dich chuyén mién nghiém vé phia tan s6 cao. Diéu nay
c6 thé gay kho khan trong bai toan t6i uu hoa hé thu thap nang
luong chiu kich dong diéu hoa trong dai tan s6 cho truéc. Tom
lai, ddc tinh dan héi bac ba c6 thé st dung t6t néu yéu cau vé do
chinh xac cda mo hinh khong qua cao. Ngugc lai can st dung
cac xdp xi bac cao hodc mé hinh phu hop hon.
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