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KEYWORDS

Bai b4o phan tich tng xit déng luc hoc ctia dAm Timoshenko nhip don trén nén dan nhét phi tuyén bac ba.
Tai trong tap trung di déng duoc xét hai lyc di déng véi van tée khong dbi. Nén duge mé hinh 1a nén dan
nhét phi tuyén béc ba theo chuyén vi véi sdu thong sé nén doc lap. Phuong phap Galerkin trong sb két hop
v6i phép chu phuong tich phan duge 4p dung dé bién dbi phuong trinh vi phan chuyén déng cha dao
thanh hé phwong trinh vi phan thudng dugc giai bing phwong phap tich phén titng budc trén toin mién
thoi gian. Két qua sb cho thiy anh huwéng ctia cac théng sé nén, dim, tai trong dén tc do héi tu ctia 15

giai va phan ting dong ctia dam.

ABSTRACT

Euler-Bernoulli beam
Nonlinear

Viscoelastic foundation
Numerical integration

Two concentrated moving loads

The paper studies a dynamic response of a Timoshenko beam resting on a third order nonlinear viscoelastic
foundation. A single beam modeled as theory Timoshenko with a constant cross-section. The concentrated
moving load is considered with two concentrated moving loads. The foundation is taken as a third order
nonlinear viscoelastic foundation with six parameters. Therefore responses of third order nolinear
deflection, the effects at the same time of the shear deformable beams and the shear deformation of
foundations are considered. The Galerkin method and considering integral quadrature method are utilized
transforming differential governing equations of motion into the ordinary differential equations. The
numercial integration method is used to solve differential equations and root of equations which is

deflection of beam are determined. The numercial results show that dependence of the convergence rate of

the Galerkin truncation and the vertical deflection of the beam on system parameters.

1.  Giéi thidu

Bai toan phan tich ting x(t dong luc hoc ctia dAm trén cic loai
nén khéac nhau chiu tai trong di déng 13 mét trong nhitng van d@ thu
hiit duge nhidu sy quan tim nghién cttu trén toan thé gidi tit trude
dén nay. Bai toan nay gitip mé ta va du doan iing x cho nhiéu két
cAu trong thuc t& nhu két cAu ciu, duong sét, mit dudng san bay, 6ng
dn chét 16ng theo phwong ngang... M hinh két ciu duge st dung dé
phén tich ting x( 14 mot dAm trén nén dan hoi chiu hai tai trong di
dong. M6 hinh dit nén duoc Iva chon phu thudc vao tinh chit co hoc
clia dAt nén, sy twong tac trong thuc té giita két cAu va dat nén. Nam
1867, m6 hinh nén dan hdi tuyén tinh Winkler, da tao co s& tidn d@
cho céc bai toan nghién citu tng x{ ctia dim trén nén ra doi, ndi bat
nht nghién ctu cua tac gia D.Thambiratnam, Y.Zhuge!. Gidi han cta
m6 hinh Winkler 12 khéng phan anh dugce su lién tuc lién két v6i nhau
gifta cc viing d4t nén lan cin nhau, nén chi 4p dung ddi v6i moi
truong d4t roi. Nhuge diém nay duogc khéc phuc b&i mot $6 md hinh
nén dan hdi tuyén tinh hai thong s6, néi bat nhw mé hinh nén

Filonenko-Borodich, mé hinh nén Hetenyi, m6 hinh nén Pasternak®3.

*Lién hé tac gia: doankieuvantam@qnu.edu.vn
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Céc mo hinh nay da thu hit sv quan tdm va c6 nhitng déng gép dang
ké vao két qua ctia bai toan dim trén nén dan hdi chiu tai di dong.

Ciing v6i s phat trién manh mé ctia cic cong cu hd trg tinh
toan, mé hinh nén véi nhidu thong s6 doc 14p mé ta ting x@ phi tuyén
ctia nén trong qua trinh twong tic véi dim, cho két qua phan tich
déng Iwc hoc thu duge nghiém gin ding hon so véi thuc té. Trong
nghién cttu ctia T.Dahlberg?, d4 khing dinh didu nay qua xem xét bién
dang ctia dwong ray véi 1an Iwgt mé hinh nén tuyén tinh, mé hinh nén
phi tuyén va két qua thi nghiém trong thuc té. Nbi bat 13 cic nghién
cttu ctia tac gia Younesian®, D.Younesian®, Ding’ stt dung mé hinh nén
phi tuyén ba thong sb xét dén tinh can nhét clia dat nén va phi tuyén
béc ba theo chuyén vi khi khao sét bai toan dong lyc hoc két cAu dAm
chiu tai di dong tuwong tac v6i nén nén. Tiép theo véi xu huéng nay,
bai béo nay Phan tich ng xit ctia dAm trén nén dan nhét chiu hai tai
trong di dong sit dung mé hinh nén dan nhét phi tuyén bac ba véi sau
thong s6 doc 14p. M6 hinh nay phan anh duge miic d6 phic tap trong
qué trinh Gng x© thuc t& cua d4t nén tuwong tic véi dam khi chiu hai
tai trong di dong.
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2. Phuong trinh chuyén déng
2.1. MG hinh két cdu

M6 hinh két cAu clia hé gdm dim, nén, tai trong duge thé hién
nhv Hinh 1. DAm mot nhip, ddng nhét véi tiét dién mit cit ngang
khéng d6iA(m?), moment quén tinh I(m*), chiéu dai L(m), khéi lvong
riéng p(kg/m3), modul dan hdi E(GPa), modul cit G(GPa) va ving
cit hitu hiéu k’A. DAm dugc mo ta theo 1y thuyét dim Timoshenko ¢6
ké dén luc cdt khi xét bién dang, dat trén nén dan nhét phi tuyén bac
ba. M6 hinh nén dvgc mé ta nhu mé hinh nén phi tuyén Pasternak véi
d6 cting 12 ham tuyén tinh, phi tuyén bac ba theo chuyén vi va ké dén
tinh can nhét, duoc cho boi bidu thic sau:

Pr(X,T) =k UX,T) + ksU3(X, T) + W) _ G, SV, T)
aT P 9x2
Mp(X,T) = kpp(X,T) + ¢, 22D M

trong dé6: Pr(N/m), My(N)lyc sinh ra mé men boi dit nén trén

mét don vi chidu dai dim, k,(N/m?)thong sb nén tuyén tinh,
ks (N/m*)thong sb nén phi tuyén, G,(N), u(Ns/m?)lan lugt 14 théng sb
cit, hé sb can cta nén, T(s)la dai luong thoi gian, X(m)la toa dé doc
theo truc ddm, U(X, T) 1a ham chuyén vi theo phuong ditng, (X, T)la
ham chuyén vi xoay, thong s6 do ciing ks(N)va thong s6 can
cg(Ns)ctia nén.

Trong mo hinh két cAu, hai tai trong di dong 1a luc tip trung cé
cling van téc duge mo ta nhut sau:

fX,T) =Fp6(X —VTy) + Fpo6(X — VTy) 2)

trong d6: §(X — VT) 14 ham Dirac-Delta, V (m/s)1a van tbc Iyc di

dong, Fy,(N), Fy,(N)la bién d6 cta lyc di dong.

Fo2 Fot A
. 4m v D&m Timoshenko

» —
,4;>|$|$|$|$|¢|$|,$|$|$|$|\%pcét

Hinh 1. M6 hinh dim Timoshenko trén nén dan nhét phi tuyén bac ba

chiu tai trong di dong.
2.2. Thiét Idp phuiong trinh chuyén dong

St dung diéu kién can bang luc va 1y thuyét ddm Timoshenko,
hé phuong trinh vi phan chuyén dong chi dao ctia ddm dugc thiét 1ap

nhu sau:
92U oy 0%
pAWJrkAG ﬁ—m]+k1U+
U U
ksU + p = Gy = = For8(X = VTy) + FopS(X = VT,)
pla?—El—+kAG[z/J——]+kfzp+cfa =0 3)

Dé don gian trong viéc giai hé phutong trinh vi phén chu dao, s

dung céc thong sb va céc bién khong tht nguyén nhu sau:

kG ;L2 kqL?

l1=?; ﬁ=kAGE' klﬁ—;A; (4)
ksL* w L 1

k == = |= G G,—

3 EA ' A~ pE’ P P Ea
F kygl? cf

Fy; © i, ML LSS |E

0L "7 gp f EA ' 77 1\ pE

v6i x 1a toa do khong gian khong thit nguyén, t; 1a dai lugng thoi
gian khong thét nguyén. Do d6 (3) dugc chuyén vé dang bidu thic

khéng thi? nguyén ctia phuiong trinh chuyén déng chi dao nhu sau
o'u [0y 0%
IR A e

ou
fequ® + Hor Gy Pl F18(x — vty) + Fop8(x — vty)

9? 92 ou a
a—;f—a—;f+ﬁ[w—a]+kf¢+cfa—‘f=o 5)

Hé phuong trinh (5) 1a hé phuong trinh vi phan chuyén dong
ctia dim trén nén dan nhét phi tuyén bac ba, day 1a phuong trinh dao

ham riéng vé6i 4n sb 1a chuyén vi caa dim.
3. Phuong phap giai

Ung dung phuong phap Galerkin vé&i Iva chon ham thit phit
hop, phén tich ham chuyén vi u(x, t), ham géc xoay ¥ (x, t) thanh téng
céc tich hai ham riéng biét 1in luot theo bién khéng gian x va bién
thoi gian t

u(x, t) = Yoy GO (x), - ¢y (x) = sin(kmx) ®)
Y(x, 1) = Ypmr S (D (x), vy (x) = cos(kmx)
trong do6: ¢, (x),v,(x) 1& ham thw; g, (t), & (t) 1a tap hop toa dd

suy rong ctia ddm. Trong phuong trinh (6) dé x4c dinh gia tri cua
u(x, t), P(x,t) chi cAn xét n phin ti dau tién, véi n 13 gia tri ma tai dé
ham u(x,t), ¥(x,t) dat hdi tu nghia 12 gia tri ctia ham khéng thay dbi
d4ng ké khi duge phan tich thanh nhidu hon n phén ti. Thay (6) vao
(5) duge bidu thite

Z {{3e® + 1 () + [fs + 6y (k)2 + alm)]qu (D) bi ()}

2
+ ks <Z ai(®) ¢k(x)> = > Fodx = vty
i=1

D {6 + b + [k + Gy + B0}
k=1

[Z (Jem) &) $i ()

—BIER=1(km) i ()v ()] = 0 (7)
Nhan hai vé (7) v6i ham trong sb w;(x), sau d6 tinh tich phan
trén mién [0,1] ta duoc:

n

1
> I{iz'k(t) +udie(®) + [k + Gy (km)* + alkm)*]qi (D)} J; ¢k(x)wi(x)dx}

k=1

—-a

n 1
DU £ [ buComCods| +
k=1

1/ 3 2
ks fo (kZ 0(®) mm) wi(x)dx = Z Ford(x — vty)

n 1
Z I{gk(t) +cr&e () + [k + (km)? + ﬁ]fk(t)}f Uk(X)Wi(X)dx}

k=1
-8 [Z(Im) 4 f vk(x)wl(x)dx] =0
n ®
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Theo phuong phép Galerkin, ham trong sé w;(x) dugc 14y bing
ham th? ¢ (x), v (x). DAm c6 hai dau twa don két hop véi didu kién
truc giao, dugc biéu thic sau:

f(:(bk(x)wi(x)dx:{l(/)z ],:,_’:i}

i com@dr={5, ¢ 21 ©

Thay biéu thifc (9) vio hé phuong trinh (8) ddng thoi dp dung
phép ciu phuong tich phan dé bién déi tich phan, dugc hé phwong
trinh sau:

Gi(0) + s (©) + [ky + G, (km)? + a(km)?]q;(t)

N
20, ) L wi(3) = amE(e) = 2(Fouwi () + Fogw, (V1))

j=1
& + ¢ &i(0) + [k + (km)? + B]E(E) — B(im)q; (1) = 0
i=12,...,n (10)

Bang 1. Céc thong s nén, dam, tai trong.

Vay hé phuong trinh vi phan chu dao khong thi nguyén ban
dAu (5) da dugc bién dbi thanh hé phuong trinh vi phan thuong (10)
c6 dang phi tuyén béc ba theo toa do suy rong chi phu thudc vao bién
thoi gian t. Phiong trinh nay hoan toan giai duge bing phuong phéap
Newmark, cho nghiém la gié tri toa d6 suy rong tai cac diém roi rac
trén toan mién thoi gian khao sat, tit d6 tng xit déng ctia dAm duge

xac dinh.
4. Kétquasd

Muc nay trinh bay két qua sé dé khao sat sy hoi tu ctia bai toan
va sy anh hudng cua cac théng sb nén, dim, tai trong. Cac dai luong
vat 1y va hinh hoc ctia dim Timoshenko, nén, tai trong dugc liét ké

trong Bang 1°

Danh muc dai lugng Gia tri Gia tri khéng th® nguyén
Modul dan hoiE (GPa) 6,998 -
Modul bién dang cit G (GPa) 77 -
Khéi lugng riéng p (kg/m?) 2373 -
Chiéu cao tiét dién h (m) 0,3 -
Dim Bé rong tiét dién b (m) 1 -
Chiéu dai L (m) 160 -
Hé sb cit k’ 0,4 -
a - 4,401
B - 1,502 x107
Hé s nén tuyén tinh k; (MPa) 97,552
Hé s6 nén phi tuyén k,; (MN/m*) 2,497x106
i Heé sb cén‘ U (MNS/I:nz) 0,3 39,263
Modul bién dang cat G, (N) 6,669%x107 0,0318
Hé s6 k; (N) 108 1,626x10°
Hé s6 ¢; (Ns) 1,5x10° 2,618x10"
D6 16n F, (N) 2,126x10° 1,01x10*
Tai trong di dong p
Van téc V (m/s) 20 0,01165

Db thi thé hién chuyén vi gitta ddm khi luc di dong Gng véi
titng trudng hop n dwoc thé hién trén Hinh 2. Theo d6 db thi ¢6 tinh
chét déi xitng qua truc ding tai diém T = 4s. Pdng thoi, chuyén vi
gitta dam tang khi T < 4s va dat gia tri 16n nhét tai T = 4s, sau d6
giam tién v& 0 khi T > 4s. C6 sy khac biét khi so sdnh cic dd thi
chuyén vi giita dAm #ng v6i titng gia tri sb hang Galerkin n. Su sai
khéc nay 16n khi gia tri con nhé va giam dan khi ting dan gié tri n.
Xét thiy véi truong hop n = 40 va n = 45 vin c6 thé thiy su riéng
biét gitta hai dudng db thi, tuy nhién véi ba duong dd thin = 45, n =
50, n = 60 gan nhu tring nhau. Mt khac gia tri chuyén vi 16n nhét tai
gitta dAm ting khi ting sb hang Galerkin n, 4 sai léch gié tri nay véi
tiing truong hop giam din khi n ting va gia tri d6 sai 1éch gifta hai
trudong hop n = 45 va n = 50 bing 1,25 % la nho. Tt d6 két luan ring

v6i gié tri s6 hang Galerkin n = 45 bai toan ting xt¢ d6ng ctia dAm dat

st hoi tu. Ngoai ra, so véi bai bdo st dung phuong phdp Runge —
Kutta’, bai bdo st dung phuong phdp Newmark dé giai hé phuong
trinh vi phan thuong da cho nghiém bai todn hdi tu véi sb sb hang
Galerkin n nho hon (n = 45 <n = 150).

Hinh 3 thé hién dd thi biéu dién sy hoi tu sb sb hang Galerkin n
khi chiu tdc déng ctia cic théng s6. V&i sb sb hang Galerkin n dugc
biéu dién trén truc hoanh va chuyén vi giita ddm khi Iyc di dong tai vi
tri gitta dAm duvogc bidu dién trén truc tung. Do thi chi ra r??mg tbe do
hoi tu nghiém chuyén vi ctia bai toan ting khi giam L hodc khi ting
1an lwgt cac théng sb: E, G, Gy, h, b. Theo Hinh 3a khi n du 16n dé bai
toan hdi tu thi gia tri chuyén vi giita dAm gin nhu khong dbi dit c6 sy
bién dbi 16n cac gid tri L, néi cach khac chuyén vi ctia dAm khéng chiu
anh hudng béi chiéu dai dim. Diéu nay phan anh tuong tu két ludn

trong tai liéu! 14 khi phan tich ng xit cia dAm trén nén dan hdi c6 thé
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ding ddm v&i chidu dai 16n hon 10m

dé thay thé cho dim v6 han.

Ngoai ra, gia tri chuyén vi dim ting khi ting khi ting n nhung lai

giam khi ting 1an lwot gia tri cdc thong sb trén ngoai trit théng sb

chidu dai ddm. Mt khac theo Hinh 3b

, 3¢, 3d nhan thiy it ¢6 sy sai

khéc hon giita chuyén vi ctia dim ng véi cac trudng hop thay dbi gia
trithéng s6 E, h, b. Két luan nay tuong ty véi tai liéu” khi xem xét véi

truomg hop dim Euler-Bernoulli.

Hinh 2. Chuyén vi gitta ddm khi 1

0.0030 -~
&
S ——n=25
0.0025 N
2
S
0.0020
0.0015
0.0010
0.0005
0.0000 §
3 32 34 36 38 4 42 44 46
-0.0005

4.8 5

e di dong véi n thay dbi.

D thi Hinh 4a thé hién lich st chuyén vi giita dAm khi tai trong
la hai lyc di dong cach nhau 4m. Trong d6 tbng dd 16n tai trong
FyyVaF,, luén khéng dbi va bing F, gia tri F,,va F,, duoc cho tuong
ting véi tiing triudng hop trén dd thi. K&t qua chi ra véi trwdong hop tai
trong 1 hai Iyc tap trung di déng, chuyén vi 16n nhit ctia ddm giam so
véi truong hop tai trong la mot Iuc tdp trung di dong. Ngoai ra vi tri
chuyén vi 16n nhét ciia ddm c6 xu huéng dich vé phia ¢6 tai trong trong
giam & trudng hop nay 1a Fy,. P thi Hinh 4b, 4c, 4d thé hién lich st
chuyén vi giita ddm tng véi titng trudng hop gia tri thong sb G, Gy, ks
khéc nhau. Theo Hinh 4b céc dudng dd thi thay déi dang ké va gia tri
chuyén vi tai gita ddm giam khi gia tri hé sé k,ting. Dd thi Hinh 4c cho
thiy khi cang giam gia tri G nghia 14 mé hinh ddm Timoshenko din tr&
thanh mé hinh ddm Euler — Bernoulli thi gi4 tri 16n nhét ctia chuyén vi
dim ting nén gid tri 16n nhét ctia chuyén vi dim dwoc mé ta theo 1y
thuyét dim Euler — Bernoulli 16n hon so véi mé ta theo 1y thuyét dim
Timoshenko. Diéu nay twong tu nhw két ludn ctia tai liéu tham khao® khi
thuc hién v6i dAm v6 han va mé hinh d4t nén cifng hon va ciing khing
dinh m6 hinh Timoshenko cho két qua tng x@ hop Iy hon. Hinh 4c cho
thiy khi bo qua tinh cit clia nén G, = 0 thi gié tri 16n nhét ctia chuyén
vi dAm 12 16n nhét ddng nghia véi gid tri 16n nhit cta chuyén vi dim
trén mo hinh nén Pasternak nhd hon nhiéu so véi dim trén mé hinh

nén dan hdi Winkler.

a. b.
3 g 30§ --Nuy = 0.3MNs/m2
S
~ ~
25 |Q s So— 25 | -=-Nuy = 6MNs/m2
:* /-/"—_'.——- A - ~
N - N —+Nuy = 12MNs/m?2
2 S 2.0 ~
S ~
—-E=6.998 GPua
15 15
—5-E=34.999 GPa
1.0
1 —+E=69.980 GPa
0.5
0.5 L
n T(s)
0.0 ha - e T T T T T T 1
0 35 36 37 38 39 40 41 42 43 44 45
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 0.5
c. d.
B s
3 & 3,8
N Q
N N
25 |X 25 |X R s s—
N == =" i — Q e ) e— —
N 2 -
2[R - h=Im 2| 1=0.3m
L5 = h=5m 15 -=h=0.5m
1 —*=bh=10m 1 ——h=(0.7m
0.5 0.5
n n
0 0
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 0 5 10 15 20 25 30 35 40 45 50 55 60 65 70
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U(L/2,L/2) (mm)

- Gp=6.66875 MN
- Gp=66.6875 MN
= Gp=666.875 MN

n

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70

Hinh 3. Khao sét sy hdi tu khi thay ddi cac thong sb.

30 | ®
§ - 3=8¢6N/m4
~
N—
25 | R = 3=8elIN/m4
§
] —+3=8¢12N/m4
20 | S
15
1.0
0.5
[
T
0.0 ; ; ; : : : : ©)
35 36 37 38 39 40 41 42 43 44 45
35 | ®
§ -o-Gp=0
<
RS - Gp=66.6MN
q
25 | Q -+ Gp=666MN
S
2.0
15
1.0
05
T
0.0 | : : ; ; . . . . ©
35 36 37 38 39 40 41 42 43 44 45

Hinh 4. Khao sit anh hwdng cc théng sé dén chuyén vi dim.

e.
R
35 | & . . o
oy
D
N
N
N
25 (S
2
--G=77 MPa
1.5
= G=770 MPa
1
—*G=77 GPa
0.5
0 n
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70
a.
30 § -~ F=2.126.10°5N
25 g -+ F=(1.063+1.063)10"5N.
I\
20 § = F=(0.709+1.417)10"5SN
1.5
1.0
0.5
0.0 A==
50 55 60 65 70 75 80 85 90 95 100 105 110
-0.5
c.
+0 § - G=77 Mpa
3.3 E = G=770 Mpa
3.0 S -+ G=77 Gpa
2.5 =
20
1.5
1.0
0.5
0.0 r T T T T T T T T T(s)‘
35 3.6 3.7 3.8 39 4.0 4.1 4.2 43 4.4 4.5
5. Kétluan
Tit cac két qua ctia bai bdo nay, mét sb két luan duge so luge
nhu sau:

- M hinh ctia hé gdm c6 dim, tai trong di dong va nén cé
tng xi¢ phi tuyén bac ba dugc thiét 1ap. Phuong trinh dao ham riéng
phi tuyén cta hé v6i 4n s6 1a chuyén vi ctia dAm dugc xéc dinh.
Phuwong phap Galerkin trong sé diing dé r&i rac héa chuyén vi dé bién
dbi phuong trinh chuyén déng thanh mot hé phuong trinh vi phan
thuwong phi tuyén bac ba véi cac 4n s6 13 cdc toa do suy rong. Phuong
phép tich phéan sb theo thoi gian Newmark duge 4p dung dé giai hé
phuong trinh nay va tit 6 nghiém ctia bai toan duwgc tim.

- K&t qua sb chi ra ring: Chuyén vi dting ctia dim va téc d6
héi tu ctia bai toan chiu tic dong boi cac théng sé nhw modul dan hoi
ctia ddm, modul bién dang cét ctia dim va nén, hé s§ do cing ctia nén,
chidu cao va bé réng tiét dién cta dim, hé sb nén tuyén tinh; hé sb
nén phi tuyén va hé sé can nhét nén anh huong dén chuyén vi ding
ctia ddm nhung it anh hudng dén tdc do hoi tu bai toan; Trai lai, chidu
dai dAmL anh hwdng dén téc d6 hoi tu bai toan nhing gin nhu khéng
anh huéng dén chuyén vi dim; So vé6i tbe d6 hoi tu bai toan, chuyén
vi ding ctia dAm c6 d6 nhay hon.

- Gi4 tri chuyén vi 16n nhit cta ddm chiu téc déng boi tinh

chit hé nén dan hdi, s6 lvgng dit tai di dong.
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